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On moduli of pointed real curves of genus zero
Ozgiir Ceyhan

ABSTRACT. We introduce the moduli space Rﬁ(%yl) of pointed real curves of genus

zero and give its natural stratification. The strata of RM(%J) correspond to real
curves of genus zero with different degeneration types and are encoded by trees with
certain decorations. By using this stratification, we calculate the first Stiefel-Whitney
class of RM(%’Z) and construct the orientation double cover R]\NQQIM) of RM(%J).

1. Introduction

The moduli space M,, of stable n-pointed (complex) curves of genus zero has been
extensively studied as one of the fundamental models of moduli problems in algebraic
geometry (see [12, 15, 13, 14, 18]). The moduli space M,, carries a set of anti-holomorphic
involutions, whose fixed point sets are the moduli spaces of pointed real curves of genus
zero. These moduli spaces parameterize the isomorphism classes of pointed curves of
genus zero with a real structure. For each of these spaces, a certain set of labeled points
stays in the real parts of the curves while other pairs of labeled points are conjugated by
the real structures of the curves.

The moduli spaces of pointed real curves have recently attracted attention in various
contexts such as multiple (-motives [7], representations of quantum groups [4, 9] and
Welschinger invariants [22, 23].

The aim of this work is to explore the topological properties of the moduli spaces of
pointed real curves of genus zero. Hence, we first introduce a natural combinatorial strati-
fication of the moduli spaces of pointed real curves of genus zero through the stratification
of M,,. Each stratum is determined by the degeneration type of the real curve. They are
identified with the product of the spaces of real point configurations in the projective line
CP' and the moduli spaces M,,. The degeneration types of the pointed real curves are
encoded by trees with corresponding decorations. Secondly, we calculate the first Stiefel-
Whitney classes of the moduli spaces in terms of their stratifications. The moduli spaces
of pointed real curves are not orientable for n > 5 and the set of labeled real points of real
curves is not empty. We construct the orientation double covers of the moduli spaces for
the non-orientable cases. The double covering in this work significantly differs from the
‘double covering’ in the recent literature on open Gromov-Witten invariants and moduli
spaces of pseudoholomorphic discs (see [5, 17]): Our double covering has no boundaries
which suits better for the use of intersection theory.
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This paper is organized as follows. Section 2 contains a brief overview of facts about
the moduli space M,. In Section 3, we introduce real structures on M, and real parts
Rﬁ(zk,l) as moduli spaces of (2k,[)-pointed real curves. The following section, the strat-
ification of RM(%J) is given according to the degeneration types of pointed real curves
of genus zero. In Section 5, the first Stiefel-Whitney class of ]RM(%J) is calculated by
using the stratification given in Section 4. Then in Section 6, we construct the orientation
double coverings RM o4, ;) — RM(%J).

In this paper, the genus of the curves is zero except when the contrary is stated
explicitly. Therefore, we omit mentioning the genus of the curves.

2. Pointed complex curves and their moduli

This section reviews the basic facts on pointed complex curves of genus zero and their
moduli space.

2.1. Pointed curves and their trees

Definition 2.1. An n-pointed curve (X;p) is a connected complex algebraic curve ¥ with
distinct, smooth, labeled points p = (p1,-+- ,pn) C X, satisfying the following conditions:

e 3 has only nodal singularities.
e The arithmetic genus of X is equal to zero.

A family of n-pointed curves over a complex manifold S is a proper, holomorphic map
s : Us — S with n sections py,--- ,p, such that each geometric fiber (3(s);p(s)) is an
n-pointed curve.

Two such curves, (X;p) and (X';p’), are isomorphic if there exists a bi-holomorphic
equivalence ¢ : ¥ — ¥’ mapping p; to pl.

An n-pointed curve is stable if its automorphism group is trivial (i.e., on each irreducible
component, the number of singular points plus the number of labeled points is at least
three).

2.1.1. Graphs

Definition 2.2. A graph T' is a collection of finite sets of wertices Vi and flags (or
half edges) Fr with a boundary map Or : Fr — Vpr and an involution jr : Fr — Fp
(j2 = id). We call Er = {(f1,f2) € FZ | f1 = jrfo & f1 # f2} the set of edges, and
Tr = {f € Fr | f = jrf} the set of tails. For a vertex v € Vp, let Fr(v) = 95" (v) and
|v| = |Fr(v)| be the valency of v.

We think of a graph T' in terms of its following geometric realization ||T||: Consider
the disjoint union of closed intervals | | o [0,1] x f; and identify (0, f;) with (0, f;) if
Or f; = Or f;, and identify (¢, f;) with (1—t, jr f;) for t €]0,1[ and f; # jr fi. The geometric
realization of I' has a piecewise linear structure.

Definition 2.3. A tree «y is a graph whose geometric realization is connected and simply-
connected. If |v| > 2 for all v € V, then such a tree is called stable.
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We associate a subtree 7, for each vertex v € V, which is given by V., = {v}, F,, =
F,(v), jy, =1d, and 0., = 0,.

Definition 2.4. Let v and 7 be trees with n tails. A morphism between these trees
@ 1y — 7 is a pair of maps ¢p : Fr — F, and ¢y : V, — V, satisfying the following
conditions:

e ¢r is injective and ¢y is surjective.

e The following diagram commutes

Oy
E, — V,

Wl |

F'r L’ V'r~
® PpOjr =]y0QF.
e ¢r = ¢p|, is a bijection.
An isomorphism ¢ : v — 7 is a morphism where ¢z and ¢y are bijections. We denote
the isomorphic trees by v ~ 7.

Each morphism induces a piecewise linear map on geometric realizations.

Lemma 2.1. Let v and 7 be stable trees with n tails. Any isomorphism ¢ : v — T is
uniquely defined by its restriction on tails ¢ : Ty — T,.

Proof. Let ¢, p : v — 7 be two isomorphisms such that their restriction on tails are the
same. Consider the path f, Py, in ||| that connects a pair of tails fi, fo. The automor-
phism ¢! o ¢ of v maps , Py, to itself; otherwise, the union of the f, Py, and its image
o1 o ¢y, Py,) gives a loop in ||7v||, which contradicts simply-connectedness. Moreover,
the restriction of ™! o ¢ to the path 1. Py, is the identity map since it preserves distances
of vertices to tails f;, fo. This follows from the compatibility of the automorphism ¢~ o¢
with 0, and j,.

The geometric realization ||v|| of v can be covered by paths that connects pairs of tails
of 7. We conclude that the automorphism ¢! o ¢ is the identity since it is the identity
on every such path. (I

There are only finitely many isomorphisms classes of stable trees whose set of tails is
T, ={1,---,n}. We call the isomorphism classes of such trees n-trees. We denote the
set of all n-trees by 7 ree.

2.1.2. Dual trees of pointed curves

Let (3;p) be an n-pointed curve and 7 : 3 — ¥ be its normalization. Let (21,; pv) be
the following |v|-pointed stable curve: ¥, is a component of 3, and p,, is the set of points

consisting of the preimages of special (i.e. labeled and nodal) points on X, := n(X,). The
points p, = (ps,, -+, Py, ) on Xy are ordered by the flags f. € Fr(v).
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Definition 2.5. The dual tree v of an n-pointed curve (3;p) is the tree consisting of
following data:

V,, is the set of components of 3.

F, is the set consisting of the preimages of special points.

0y : f—wvif and only if py € 3.

Jy ¢ f+— fif and only if p; is a labeled point, and j, : fi — fo if and only if
Df € ﬁ]vl and py, € XA]UQ are the preimages of the nodal point ¥, N X,,.

Lemma 2.2. Let ® be an isomorphism between the n-pointed stable curves (X;p) and
(X p').

(i) ® induces an isomorphism ¢ between their dual trees v, T.

(i) ® is uniquely defined by its restriction on labeled points.

Proof. (i) The result follows from the decomposition of ® into its restriction to each
irreducible component and the Def. 2.4.

(ii) Due to Lemma 2.1, the isomorphism ¢ : v — 7 is determined by the restriction
of ® to the labeled points. The isomorphism ¢ determines which component of ¥ is
mapped to which component of ¥’ as well as the restriction of ® to the special points.
Each component of ¥ is rational and has at least three special points. Therefore, the
restriction of ® to a component is uniquely determined by the images of the three special
points. (Il

2.2. Deformations of pointed curves

Let v be the dual tree of (£;p) and 3 — ¥ be the normalization. Let (3,;P,) be
the following |v|-pointed stable curve corresponding to the irreducible component ¥, of
(3;p). Let QL be the sheaf of Kiihler differentials.

The infinitesimal deformations of a nodal curve ¥ with divisor Dy = p1 + -+ + py, is
canonically identified with the complex vector space

Extp, (23(Dp), Ox), (1)
and the obstruction lies in
Eat}, (Q4(Dyp). Ox).

In this case, it is known that there are no obstructions (see, for example [17] or [8]).
The space of infinitesimal deformations is the tangent space of the space of deformations
at (3;p). It can be written explicitly in the following form:

D H STy (-Dp))e P T,,E0T,.2 2)
veV, (fesfe)EE,

The first part corresponds to the equisingular deformations of ¥ with the divisor Dy, =
Zfier(v) p#,, and the second part corresponds to the smoothing of nodal points p. of

the edges e = (fe, f¢) (see [8]).
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2.2.1. Combinatorics of degenerations

Let (3;p) be an n-pointed curve with the dual tree 7. Consider the deformation of a
nodal point of (¥;p). Such a deformation of (X;p) gives a contraction of an edge of 7:
Let e = (fe, f¢) € E, be the edge corresponding to the nodal point and 9, (e) = {v., v},
and consider the equivalence relation ~ on the set of vertices, defined by: v ~ v for all
v € Vo \ {ve,v°}, and ve ~ v°. Then, there is an n-tree /e whose vertices are V,,/ ~ and
whose flags are F,\{fe, f°}. The boundary map and involution of -y/e are the restrictions
of 0, and j,.

We use the notation v < 7 to indicate that 7 is obtained by contracting some edges of
.

2.3. Stratification of the moduli space M,

The moduli space M, is the space of isomorphism classes of n-pointed stable curves.
This space is stratified according to degeneration types of n-pointed stable curves which
are given by n-trees. The principal stratum M, corresponds to the one-vertex n-tree and
is the quotient of the product (CP')" minus the diagonals A = (J,_,{(p1,- -+ ,pn)|pr = 01}
by Aut(CP') = PSLy(C).

Theorem 2.3 (Knudsen & Keel, [15, 12]). (i) For anyn > 3, M,, is a smooth projective
algebraic variety of (real) dimension 2n — 6.

(i) Any family of n-pointed stable curves over S is induced by a unique morphism
k:S — M,. The universal family of curves U, of M, is isomorphic to M, .1.

(iii) For any n-tree vy, there exists a quasi-projective subvariety D., C M,, parameter-
izing the curves whose dual tree is given by y. D is isomorphic to Hvev7 M,y|. Its (real)
codimension is 2|, |.

(iv) M,, is stratified by pairwise disjoint subvarieties D.,. The closure of any stratum
D, is stratified by {D~ | v" < ~}.

2.3.1. Examples

(i) For n < 3, M,, is empty due to the definition of n-pointed stable curves. M3 is
simply a point, and its universal curve I3 is CP' endowed with three points.

(i) The moduli space M, is CP! with three points. These points D,,, D,, and D,
correspond to the curves with two irreducible components, and M} is the complement of
these three points (see Fig. 1). The universal family U, is a del Pezzo surface of degree
five which is obtained by blowing up three points of CP' x CP!.

(iii) The moduli space M is isomorphic to Uy. It has ten divisors and each of these
divisors contains three codimension two strata. The corresponding 5-trees are shown in
Fig. 1.

2.4. Forgetful morphism

We say that (X;p1,---,pn—1) is obtained by forgetting the labeled point p, of the
n-pointed stable curve (X;p1,--- ,pn). However, the resulting pointed curve may well
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FIGURE 1. Dual trees encoding the strata of M, for n = 3,4, and 5.

be unstable. This happens when the component ¥, of ¥ supporting p, has only two
additional special points. In this case, we contract this component to its intersection
point(s) with the components adjacent to X,. With this stabilization we extend this
map to whole space and obtain 7, : M, — M,_1. There exists a canonical isomorphism
M, — U, _1 commuting with the projections to M,_,. In other words, m, : M,, — M,_1
can be identified with the universal family of curves. For details, see [12, 15].

2.5. Automorphisms of M,

The open stratum M,, of the moduli space M, can be identified with the orbit space
((CPY)™\ A)/PSLy(C). The latter orbit space may be viewed as the configuration space
of (n — 3) ordered distinct points of CP! \ {0, 1, 00}:

M, =2{p= (21, ,2n) € cr3 | zi # 2 Vi # §, 2n—2 =0,2,_1 =1, 2, = 0},
where z; := [z; : 1] are the coordinates of labeled points p; in an affine chart of CP*.

Let ¥ = (¢1,...,%n_3) : M,, — M, be a non-constant holomorphic map. In [10],
Kaliman discovered the following fact:

Theorem 2.4 (Kaliman, [10]). For n > 4, every non-constant holomorphic endomor-
phism ¥ = (Y1, ,n—3) of M, is an automorphism and its components 1, are of the
form

br(p) = Fo(r) — Zo(n—2) / Fo(n—2) — Z@(nfl)’ 1<r<n-3
Zo(r) ~ %o(n) Zo(n) ~ Fo(n—1)

where o € S, is a permutation not depending on r.
Kaliman’s theorem implies the following corollary.

Theorem 2.5 (Kaliman & Lin, [10, 16]). Every holomorphic automorphism of M, is
produced by a certain permutation o € S,. Hence, Aut(M,) = S,.

On the other hand, the permutation group S, acts on the compactification M,, of M,
via relabeling: for o € S,,, there is a holomorphic map 1, which is given by

Yo 1 (35p) = (B50(P) = (55 Pe(1)5*+ » Pon))- 3)
Therefore, the permutation action given in (3) forms a subgroup of holomorphic auto-
morphisms Aut(M,,).
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Let Autﬁ(ﬂn) be the group of holomorphic automorphisms of M, that respect the
stratification: ¢ € Auty(M,) maps D, onto D, where dimD, = dimD.. Kaliman’s
theorem leads us to the following immediate corollary.

Theorem 2.6. The group Auty(M,,) is Sy.

Proof. Let ¢ € Autﬁ(ﬁn). The restriction of ¥ to the open stratum gives the permutation
action on M, since the automorphism group of the open stratum M, contains only
permutations 1,. The unicity theorem of holomorphic maps implies that 1 = 1, since
they coincide on the open stratum |u, = ¥,/ - O

Remark 2.1. Note that the whole group of holomorphic automorphismsiAut(Mn) is not
necessarily isomorphic to S,,. For example, the automorphism group of My is PSLy (©).
To the best of our knowledge, there is no systematic exposition of Aut(M,,) for n > 5.

3. Moduli of pointed real curves of genus zero

A real structure on complex variety X is an anti-holomorphic involution c¢x : X — X.
The fixed point set RX = Fix(cx) of the involution is called the real part of the variety
(or of the real structure).

In this section, we introduce the moduli spaces of pointed real curves of genus zero as
the fixed point sets of real structures on M,.

3.1. Real structures on M,

The moduli space M,, comes equipped with a natural real structure. The involution
c: (3;p) — (3;p) acts on M,,. Here a complex curve 3 is regarded as a pair X = (C, J),
where C' is the underlying 2-dimensional manifold and J is a complex structure on it, and
Y = (C,—J) is its complex conjugated pair.*

Lemma 3.1. The map c is a real structure on M,,.

Proof. The differentiability of ¢ follows form the Kodaira-Spencer construction of infin-
itesimal deformations. We need to show that the differential of ¢ is anti-linear at each
(3;p) € M,,. It is sufficient to show that it is anti-linear without taking the quotient
with respect to PSLy(C).

The infinitesimal deformations of a nodal curve ¥ with divisor Dp = p1 + -+ + py, is
canonically identified with the complex vector space Exty,_ (Q5(Dp),Ox), (see Section
2.2). By reversing the complex structure on 3, we reverse the complex structure on the

tangent space Extl,_(Qx(Dp),Ox) at (X;p). The differential of the map (X;p) — (3;p)
Eatp, (25(Dp), Os) — Exto_(Q5(Dp), Ox)

is clearly anti-linear. O

IThere is some notational ambiguity: The bar over M, and that over X refer to different structures on
underlying manifolds: the first one refers to the compactification of M, and second refers to the manifold
with reverse complex structure. Both of these notations are widely used, we use the bar for both cases.
The context should make it clear which structure is referred to.



CEYHAN

The subgroup Auty(M,,) = S, of holomorphic automorphisms acts on M, via relabel-
ing as given in (3). For each involution o € S,,, we have an additional real structure on
M,:

o =cothy : (Bp) = (X;0(p)). (4)

Lemma 3.2. Every real structure of M, preserving the stratification is of the form (4)
where o € S, is an involution.

Proof. By their definition, anti-holomorphic automorphisms of M,, are obtained by com-
posing the principal real structure ¢ : (3;p) — (X;p) with elements of Aut(M,). The
real structure ¢ maps each stratum of M, onto itself. Therefore, an anti-holomorphic
automorphism co respects the stratification of M,, if and only if ) € Aut(M,,) respects
the stratification of M, i.e., each real structure preserving the stratification of M,, is
given by a certain involution o € S,, and is of the form (4). O

3.2. o-invariant curves and c-equivariant families

Definition 3.1. An n-pointed stable curve (X; p) is called o-invariant if it admits a real
structure conj : ¥ — ¥ such that conj(p;) = po(;y for all i € {1,--- ,n}.

A family of n-pointed stable curves wg : Us — S is called o-equivariant if there exist
a pair of real structures

Us C—”>Z/l5

™| |=s

s —= 8.

such that the fibers 771(s) and 7~ !(cg(s)) are ¥ and X respectively, and c¢;; maps z €
n1(s) to z € 7 (es(s)).

Remark 3.1. If (3;p) is o-invariant, then the real structure conj : ¥ — ¥ is uniquely
determined by the permutation ¢ due to Lemma 2.2.

Lemma 3.3. If 7 : Us — S is a o-equivariant family, then each (¥;p) € RS is o-
mvariant.

Proof. If cs((Z;p)) = (X; p) then there exists a unique bi-holomorphic equivalence conj :
¥ — X (in other words, anti-holomorphic conj : ¥ — ¥) such that conj(p;) = Po(iy- The
restriction of conj on labeled points is an involution. By applying Lemma 2.2 to conj?,
we determine that conj is an involution on . O

3.3. The moduli space of pointed real curves RM(%J)

Let Fix(c) be the fixed point set of the action of o on the labeling set {1,--- ,n}, and
let Perm(o) be its complement. Let |Fix(o)| =1 and |Perm(c)| = 2k.

Let 0 € S, and ¢, be the corresponding automorphism of M,. The conjugation
of real structure c, with v, provides a conjugate real structure c,s = 1, 0 cs 0 PY,-1.
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The conjugacy classes of real structures are determined by the cardinalities |Fix(o)| and
|Perm(o)|. Therefore, from now on, we only consider ¢, where

B 1 ok k41 - 2% 2%k4+1 - 2%k+1 )
=\ k1 0 2 01 -k 2%41 - 241 )
and n = 2k +[.

Definition 3.2. For o as above in (5), o-invariant curves are called (2k,[)-pointed real
curves.

The fixed point set Fix(c,) is called the moduli space of (2k,1)-pointed real curves and
denoted by RM(QM).

Theorem 3.4. (i) For any n > 3, RM(%J) is a smooth real projective manifold of
dimension n — 3. - o

(i) The universal family of curves @ : U, — M, is a o-equivariant family.

(iti) Any o-equivariant family of n-pointed stable curves over wg : Us — S is induced
by a unique pair of real morphisms

USL u,

ﬂsl J/ﬂ'
S —Z— M,.

(iv) Let M, be the contravariant functor that sends real varieties (B, cp) to the set of
o-equivariant families of curves over B. The moduli functor M, is represented by the
real variety (M, cy).

(v) Let RM, be the contravariant functor that sends real analytic manifolds R to the
set of families of o-invariant curves over R. The moduli functor RO, is represented by
the real part RM (g1,1y of (Mp,cs).

Proof. (i) The smoothness of the real part of ¢, is a consequence of the implicit function
theorem, and dimpg Rﬁ(gw) = dimec M, = n — 3 since the real part RM(%J) is not
empty.

(ii) The fiber over (¥;p) € M,, is 7 1((X;p)) = ¥. We define real structures on M,
and U, as follows;

¢ (%p) = (Z0(p)),
to: zem H((3;p) = zen Y(Z;0(p))),

The real structures ¢, , ¢, satisfy the conditions of o-equivariant families in Definition 3.1.
(iii) Due to Knudsen’s theorem (see Section 2.3), each of the morphisms x : S — M,
and & : Us — U,, are unique. Therefore, they are the same as ¢, 0o k0 cg : S — M, and
és0kocy:Us — U,. Hence, the morphisms , & are real.
(iv)-(v) The statements follows from (iii) and the definition of moduli functors. O

It was believed that the real locus RM(%J) does not represent any moduli functor for
k # 0, but it has only a meaning in operadic setting. Theorem 3.4 shows the contrary.



CEYHAN

4. Stratification of RM(W)

A stratification for RM(ZM) can be obtained by the stratification of M, given in
Section 2.3.

Lemma 4.1. Let v and 7 be the dual trees of (X;p) and (3;0(p)) respectively.

(i) If v and 7 are not isomorphic, then the restriction of ¢, on the union of complex
strata D |J D5 gives a real structure with empty real part.

(it) If v and 7 are isomorphic, then the restriction of ¢, on D~ gives a real structure
whose corresponding real part RD., is the intersection of Rﬁ(gk’” with D, .

Proof. (i) Since v and 7 are not isomorphic, D, and Dx are disjoint complex strata.
The restriction of ¢, on D+ |J D5 swaps the strata. Therefore, the real part of this real
structure is empty.

(ii) Since v and ¥ are isomorphic, the n-pointed curves (X; p) and (¥;0(p)) are in the
same stratum D.,. Therefore, the restriction of ¢, on D, is a real structure. The real
part RD,, of the g-equivariant family D., is RM(%J) (D, since RM(%J) =Fix(c,). O

Definition 4.1. A tree v is called o-invariant if it is isomorphic to . We denote the set
of o-invariant n-trees by 7ree(o).

Theorem 4.2. RH(%J) is stratified by real analytic subsets RD. where v € Tree(o).

Although the notion of o-invariant trees leads us to a combinatorial stratification of
RM(%J) as given in Theorem 4.2, it does not give a stratification in terms of connected
strata. For a o-invariant -, the real part of the stratum RD, has many connected com-
ponents. In the next subsection, we refine this stratification by using the spaces of Zs-
equivariant point configurations in the projective line CP!.

4.1. Spaces of Zs-equivariant point configurations in CP!

Let z := [z : 1] be the affine coordinate on CP!. Consider the upper half-plane
H* = {z € CP! | 3(2) > 0} (resp. lower half plane H™ = {z € CP! | 3(2) < 0}) as a half
of the CP! with respect to z + z, and the real part RP' as its boundary. Denote by H
the compact disc H* URP!.

4.1.1. Irreducible (2k,l)-pointed real curves and configuration spaces

Let (2;p) be an irreducible (2k, 1)-pointed real curve. As a real curve, 3 is isomorphic
to CP! with real structure which is either z +— Zz or z — —1/z (see, for example [19]).
The real structure z — —1/z has empty real part. Notice that a (2k,1)-pointed curve
with empty real part is possible only when Fix(c) = ) i.e., I = 0.

We will consider the spaces of real curves with non-empty and empty real parts as
separate cases.

10
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Case I. Configurations in CP' with non-empty real part. Each finite subset p of
CP! which is invariant under the real structure z +— z inherits additional structures:
I. An oriented cyclic ordering on Fix(c): For any point p € (p[)RP!) there is
unique ¢ € (p(RP!) which follows the point p in the positive direction of RP*
(the direction in which the coordinate = := [z : 1] on RP! increases).
The elements of p are labeled, therefore the cyclic ordering can be seen as a linear
ordering on (p (Y RP!)\{p, }. This linear ordering gives an oriented cyclic ordering
on Fix(o) = {2k+1,--- ,n} which we denote by {i1} < --- < {i;_1} < {i;} where
1 =n.
II. A 2-partition on Perm(c): The subset p((CP!' \ RP!) of p admits a partition
into two disjoint subsets {p; € Hi}. This partition gives an ordered 2-partition
Perm® := {i | p; € H*} of Perm(c). The subsets Perm® are swapped by the
permutation o.

The set of data
0:= {(CP, z — %); Perm™; Fix(0) = {{i1} < --- < {i1}}}
is called the oriented combinatorial type of the Zs-equivariant point configuration p on
(CP, 2 — 2).
The oriented combinatorial types of equivariant point configurations on (CP!,z —

z) enumerate the connected components of the space Conf ;) of k distinct pairs of
conjugate points on H* [ JH™ and [ distinct points on RP!:
Confory = {1, P2k Garsr, - > qarrt) | pi € CPUA\RPY, p; = p; & i = j,
pi=pjei=0(j) & ¢ €RPY, ¢, =q; & i=j}.

The number of connected components of Conf oy is 2%(1—1)!.2 They are all pairwise
diffeomorphic; natural diffeomorphisms are given by o-invariant relabeling.

Let z := [z : 1] be the affine coordinate on CP! and x := [z : 1] be affine coordinate on
RP!. The action of SLy(R) on H is given by
az+b a b

in affine coordinates. It induces an isomorphism SL2(R)/ + I — Aut(H). The automor-
phism group Aut(H) acts on Conf (o
A (21,0 2ok Do, Tokgr) > (A(21), -, Alzar);s A@akg), - s ATak41))-

—_~—

It preserves each of the connected components of Conf y ;). This action is free when
2k +1 > 3, and it commutes with diffeomorphisms given by o-invariant relabellings.

Therefore, the quotient space 6’(%71) = Confopy/Aut(H) is a manifold of dimension
2k + 1 — 3 whose connected components are pairwise diffeomorphic.

2Here we use the convention n! = 1 whenever n <0.

11
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In addition to the automorphisms considered above, there is a diffeomorphism —I of

—
Conf (gp,y which is given in affine coordinates as follows.
—L: (21, 2ok Wokp1, oo Takt) = (<21, —22k5 —T2k41, 0 —T2k41). (6)

Consider the quotient space Confay = Conf oy ;)/(=1). Note that, —I interchanges
components with reverse combinatorial types. Namely, the combinatorial type o of —I(p)
is obtained from the combinatorial type o of p by reversing the cyclic ordering on Fix(o)
and swapping Perm™t and Perm™. The equivalence classes of oriented combinatorial
types with respect to the action of —I are called un-oriented combinatorial types of Zs-
equivariant point configurations on (CP!,z — %). The un-oriented combinatorial types
enumerate the connected components of Con f(ax,1)-

The diffeomorphism —I commutes with each o-invariant relabeling and normalizing
action of Aut(H). Therefore, the quotient space C(ay1) := Con f(a, 1)/ Aut(H) is a manifold
of dimension 2k + [ — 3, its connected components are diffeomorphic to the components
of é(gk,l), and, moreover, the quotient map 6(2]@’[) — Clap,) is a trivial double covering.
Case I1. Configurations in CP! with empty real part. Let (X;p) be an irreducible
(2k,0)-pointed real curve and let RX = (). Such a pointed real curve is isomorphic to
(CP!, p) with real structure conj : z — —1/%.

The group of automorphisms of CP! which commutes with conj is

Aut(CP', conj) = SU(2) := {( _al_) 2 ) € SLQ((C)}.
Thus, the group Aut(CP!, conj) acts naturally on the space

C(mf(wgk,o) ={(z1, ", 20k) | 2 = —1/Ziyi}

of Zs-equivariant point configurations on (CP!,z +— —1/%). For k > 2, the action is free
and the quotient B oy o) := Conf(m%’o)/Aut((C]P’l, conj) is a 2k — 3 dimensional connected
manifold.

The combinatorial type of Zo-equivariant point configurations on (CP!, z — —1/%) is
unique and given by the topological type of the real structure z — —1/z.

4.1.2. A normal position of Z,-equivariant point configurations on CP!

By using the automorphisms we can make the following choices for the representatives
of the points in C(a4;y and Byay ).
Case I. Configurations in CP' with non-empty real part. Every element in Cear
is represented by (CP',p) with p € Conf (g ;. In order to calibrate the choice by

Aut(H), consider an isomorphism (CP!,p) +— (CP!, p’) which puts the labeled points in
the following normal position p’ € CP!.

12
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(A) In the case [ > 3, the three consecutive labeled points (p;,_,p},,p},) in RP! are

put in the position 2} = 1,z;, = oo, z; = 0. We then obtain

1
p/ = (Z17 e 7Zk:7517 e 7Ek7x2k+17 e 7',1:2]64»1717 OO)
(B) In the case | = 1,2, the three labeled points {pg, P2k, prn} are put in the position
{£v—1, oco}. Then,

p/: (2:17"' y Rk—1,€ _1a21;"' ,Ek,l,—ﬁ —17$2k+1,00) 1fl:2a
(217"' y Rk—1,€ _1a217"' azk—la_e _1700) ifl=1

where € = +.
(C) In the case [ = 0, the labeled points {px, par} are fixed at {£+/—1} and p; where
{i} = {k — 1,2k — 1} Perm™ is placed on the interval |0, /—1[C H*. Then,

p/ = (217' te 7Zk—2a61AV _1a62\’ _17217' o ;Ek—27_61A\/j1a —€2V _1)

where A €]0,1[ and ¢; = +,4 =1,2.

Remark 4.1 (A’). In case of k£ > 1 and [ > 3, we can consider the alternative map which
puts the labeled points p’ into the following normal positions. In this case, three labeled
points {px, pak, pn} can be put at {zx, 2ok, T, } = {£v/—1,00} by the action of Aut(H).
We then obtain

’ — —
P = (21, Zk—1,6V—1,Z1, -+, Zp—1, —€V =1, Topq1, -+, Togq1—1,00)

where € = +.

Case II. Configurations in CP' with empty real part. Let k > 2. Every element

of B(ay,0) is represented by (CP!,p) with p € Conf(@%’()). Calibrating the choice by

Aut(CP, conj), consider an isomorphism (CP!,p) — (CP!,p’) which puts the labeled
points of (3;p) in the following normal position p’ € CP!.

(D)
1 Y =
p:(zlu"'vzk72v)\ _17 _1777’"'7777_77_ _1)
Z1 Zk—2 A

where X €] —1,1].

4.2. O/U-planar trees: one-vertex case.

An oriented planar (o-planar) structure on the one-vertex n-tree 7 is one of the two

possible sets of data

{RX # 0;a o — equivariant two — partition Perm® of Perm(o);
0 = an oriented cyclic ordering on Fix (o)},

{RY = 0}.

We denote the o-planar trees by (7,0).

13
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An un-oriented planar (u-planar) structure u on the one-vertex n-tree 7 is a pair of
reverse o-planar structures {0,0} when RY # (), and equal to the o-planar structure when
o= {RY = (}. We denote the u-planar trees by (7,u).

4.2.1. O/U-planar trees and connected components of configuration spaces

As shown in Section 4.1.1, each connected component of Ca; ) for I > 0 (resp.
C2r,0) U Bak,0) for I = 0) is associated to a unique u-planar tree since the un-oriented
combinatorial types of Zs-equivariant point configurations are encoded by the same set
of data. We denote the connected components of Ca 1) (and Ciak 0y U B(2k,0)) by Cirou)-
Similarly, each connected component of 5(%,5) is associated to a unique o-planar tree.
We denote the connected components of 5(2]@,1) by C(r,0)-

4.2.2. Connected components of RM 1

Every Zs-equivariant point configuration defines a (2k,1)-pointed real curve. Hence,
we define

E: || Crruy = RMary) (7)
(m,u)
which maps Zs-equivariant point configurations to the corresponding isomorphism classes
of irreducible (2k,)-pointed curves.

Lemma 4.3. (i) The map = is a diffeomorphism.
(ii) The configuration space C(; ., is diffeomorphic to
(HT)*\ A) x O3 when | > 2,
(HH\ {V=1}F1\ A) x O when 1 = 1,2,
(H\ {V/~=1,v/=1/2})F2\ A) x O when | = 0 and the type of real structure is

(CP \ {\/j, V=1/2,—/=1/2,—/=1})k=2\ (AU A°)) x O when | = 0 and

the type of the real structure is (CP, z — —1/%).

Here, A is the union of all diagonals z; # z;(i # j), A° is the union of all cross-diagonals
2 7 —zi(z # ), and O is the I-dimensional open simplex.

[ )
A~ N S N

Proof. (i) The map = is clearly smooth. It is surjective since any (2k, [)-pointed irreducible
curve is isomorphic either to (CP!,z +— 2) or (CP!,z — —1/z) with a Zs-equivariant
point configuration p on it. It is injective since the group of holomorphic automor-
phisms commuting with the real structure z +— Zz is generated by Aut(H) and —I, and
the group of holomorphic automorphisms commuting with the real structure z — —1/z
is Aut(CP!, conj). These automorphisms are taken into account during construction of
the configuration spaces.

(ii) As it is shown in Section 4.1.1, C(; ) is the quotient C(; )| |C(r5)/(~1). The
spaces C(r ) and C(, , are clearly diffeomorphic. To replace C(, ) by C(7 ), we choose
an o-planar representative for each one-vertex u-planar tree (7,u) among (7,0), (7,0) as
follows.

14
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e [ >3 case: Let (7,0) be the representative of (7,u) for which pog+1 < pn—1 < Pn
with respect to the cyclic ordering on Fix(c).

e [ =0,1,2 case: Let (7,0) be the representative of (7,u) for which k € Perm™.
We put the Zs-equivariant point configurations into a normal position as in 4.1.2. The
parameterizations stated in (ii) for [ > 0 cases follow from (A) and (B) of 4.1.2. In the
case of | = 0 and (CP!, z — %), according to (C) the configuration space C(r,0) is a locally
trivial fibration over (0! =]0, 1] whose fibers over A € O! are (H*\ {v/—1, \v/=1})F=2\ A.
Similarly, in the case of [ = 0 and (CP!, z — —1/%), according to (D) the configuration
space C(7 ) is a locally trivial fibration over O! =] — 1,1 whose fibers over A € O! are
(CP'\ {V/—1,\/—1,—/—1/\, —/—1})*72\ A. Since the bases of these locally trivial

fibrations are contractible, they are trivial fibrations, and the result follows. O

4.3. Pointed real curves and o-planar trees

This section extends the notions of o/u-planar structures to the all o-invariant trees.

4.3.1. Notations

Let (3;p) € RD,, for some v € Tree(o) and conj : ¥ — X be the real structure on .
We denote the set of real components {v € V, | conj(E,) = E,} of ¥ by V*. If this set
is empty, then RY is an isolated real node; we call the edge of v representing the isolated
real node the special invariant edge.

Two vertices v,7 € V, \ VV]R are said to be conjugate if the real structure conj maps
the components ¥, and 5 onto each other. Similarly, we call the flags f, f € F, \ {f« €
F, | ps. € RE} conjugate if conj swaps the corresponding special points PfsDf-

4.3.2. O/U-planar trees: general case.

Let v € Tree(o). Each (2k,1)-pointed real curve (X;p) € RD, with RY # () admits
additional structures:

I If VJ/R # (), one can fix an oriented combinatorial type of point configurations
on each real component ,. Namely, for v € VJYR with RY # @, an oriented
combinatorial type o, is given by an oriented cyclic ordering on the set of invariant
flags F¥(v) = {f | py € RE,} and an ordered 2-partition F3f(v) = {i | p; € H*}
of F(v) \ Fi(v). In the case of V¥ = {v} and RY = (), the o-planar structure is
simply given by the type of the real structure, i.e., RX, = 0 (as in 4.1.1).

II. If VJYR = (), then one can fix an ordering of the flags of the special invariant edge:
fer=x, fC—F.
This additional structures motivate the following definition.

Definition 4.2. An o-planar structure on v € Tree(o) is the following set of data,

o {(’Yvaov) ‘ (RS V,]YR} when VR + 0,
0:= {ordering {f., f¢} — {&}}, when V,Yk =,
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where (%,ov) is an o-planar structure on the one-vertex tree -, for v € VA]/R, and e =

(fe, f€) is the special invariant edge of v when VWR = 0.
Similarly, an u-planar structure on -y is the following set of data,

o d {wuw) [veEVE}L when Vi £ 0,
{0} when V3 = (),

where (7, u,) is an u-planar structure on the one-vertex tree -, for v € V,]YR. We denote
u-planar trees by (v, u).

4.3.3. Notations.

We associate the subsets of vertices V,Yi and flags F,f to every o-planar tree (v, 0) when
V,Y]R # (0 as follows. Let v; € V5 \ VAY]R and let vy € V,y]R be the closest invariant vertex to
v1 in ||y]|. Let f € F,(v2) be in the shortest path connecting the vertices v; and ve. The
set Vf is the subset of vertices v1 € V, \ VJYR such that the flag f (defined as above) is in
Fvi (v2). The subset of flags Fﬂ{i is defined as 8;1(V,yi).

Similarly, we associate the subsets of vertices VWjE and flags F$ to every o-planar tree
(7,0) when V. =0 : Let fo — +, 8,(fe) = ve and 0,(f¢) = v°. The set V. is the subset
of vertices v that are closer to v, than v° in [|7||. The complement V,, \ V.F is denoted by
V~. The subset of flags F$ is defined as 07 1(Vn/i).

4.4. O-planar trees and their configuration spaces

We associate a product of configuration spaces of Zz-equivariant point configurations
C(r,,0,) and moduli space of pointed complex curves M|, to each o-planar tree (7,0):

HveVB Clry00) X Hve\/f M, when VE £ () and RY # 0,
C(T,O) = C(Tv7~70v7~) X H{’U,T)}CVT\VTR M|U| When VTR # @ and RZ = @,
[Toev+ My when VE = ().

For the case RY = 0, v, is the vertex corresponding to the unique real component of point
curves, and the product runs over the un-ordered pairs of conjugate vertices belonging to
V. \VEie., {v,0} = {v,v}.

For each u-planar tree (7,u), we first choose an o-planar representative and then put
Ciru) = C(r,0)- Note that the so defined space C; ,) does not depend on the o-planar
representatives up to an isomorphism.

Lemma 4.4. Lety € Tree(o). The real part RD,, is diffeomorphic to| |, ) C(y,u) where
the disjoint union is taken over all possible u-planar structures of ~y.

Proof. The complex stratum D, is diffeomorphic to the product Hvev7 M\vl' The real

structure ¢, : D, — D, maps the factor M\vl onto M\ﬁl when v and v are conjugate
vertices, and maps the factor Mlv\ onto itself when v € VWR. Therefore, the real part RD,
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of ¢, is given by

H C2ky 1) X H M, when |V7R| > 1,
veVE {v,0}CV,\VE

Clono | |Bioro) x [ M when[VE[ =1,
{0,5}CV,\VE

H Mh" When|VWR| = 0,
{v,0}CV,\VE

where k, = |F(v)| and I, = [F}(v)|]. The decompositions of the spaces C(gz,) and
C2k,0) L B2k,0) into their connected components are given in Lemma 4.3.

Theorem 4.5. ]RM(%J) is stratified by C(y y)-

Proof. The moduli space Rﬂ(gk’l) can be stratified by RD, due to Theorem 4.2. The

claim directly follows from the decompositions of open strata of RM(%J) into their con-
nected components given in Lemma 4.4. (Il

4.5. Boundaries of the strata

In this section we investigate the adjacency of the strata C(, ) in RM(%J). We start
with considering the complex situation in order to introduce natural coordinates near
each codimension one stratum C', .-

4.5.1. Intermezzo: Coordinates around the codimension one strata

Let v be a 2-vertex n-tree given by V, = {ve,v°}, F,(v¢) = {i1,--- ,is, f¢} and
F,(ve) = {fe,is41, " ,in—1,n}. Let (z,w) := [z : 1] x [w : 1] be affine coordinates
on CP!' x CP'. Here we introduce coordinates around D.,.

Consider a neighborhood V' C D, of a nodal n-pointed curve (£°,p°) € D,. Any
(3;p) € V can be identified with a nodal curve {(z — z5.) - (w — wge) = 0} in CP! x
CP! with special points p,, = (ay,, @i, .\, " @i, _,,0,) C {w —wse = 0} and pye =
(bge,biy, -+ ,b;,) C {z — 25, = 0}. In order to determine a nodal curve in CP! x CP*
and the position of its special points uniquely defined by (X;p), we make the following
choice. Firstly, we fix three labeled points a;,,,,a;,_,,a, on the line {w —wyp = 0}
whenever |v.| > 3, and three special points ay,,a;, ,,a, whenever |v.| = 3. Secondly,
we fix three special points bye, b;, , b;, on {z — zy, = 0}. Finally, we choose a; _, = (0,0),
a;, , = (1,0), ap, = (00,0) for |v.| > 3; a5, = (0,0), a;, , = (1,0), a, = (00,0) for
lve] = 3; and b;, = (2p,,1), b;, = (21,,00), bye = (2y,,0). Then the components z and
w of the special points provide a coordinate system in V; in particular, for |ve| > 3
such a coordinate system is formed by zf, z;, with 4. = 542, -+ ,ip—2, and w;, with
Jx =02, ,ls—1.

We now consider a family of n-pointed curves over V' times the e-ball B, = {|t| < €}. It
is given by a family curves {(z—zy,)-w—+t =0 |t € B.} in CP* x CP'. The labeled points
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(zi,w;),i = 1,---n on these curves are chosen in the following way. If |v.| > 3, we put
(Zi1 ) wi1) - (Zfe =1 1)’ (Zzs ) wis) = (Zfe’ OO), (Zis+17'wis+1) - (07 t/zfe)7 (zinfl ) winfl) -
(1,—t/(1 — z5,)) and (2zn,w,) = (00,0). Similarly, for |ve] = 3, (z;,ws,) = (—t,1),
(Zip_oy Wi, _5) = (0,00), (%, _,,wi,_,) = (1,—%) and (zp,w,) = (00,0). The other labeled
points are taken in an arbitrary position. The component z of the special points and the
parameter ¢t provide a coordinate system in V' x B..

Due to Knudsen’s theorem there exists a unique & : V x B, — M, which gives the
family of n-pointed curves given above.

Lemma 4.6. det(dk) # 0 at (X°,p°) € D,. Hence, k gives a local isomorphism.

Proof. The parameter ¢ gives a regular function on k(V x B.) which is vanishing along
D, N k(V x Be). The differential dx(7) = ¥ for ¥ € T(50 po)V since the restriction of x on
V x {0} is the identity map. We need to prove that dx(9;) # 0. In other words, the curves
are non-isomorphic for different values of the parameter t. Let (X(¢;), p(t;)) € V x Be be
two n-pointed curves for ¢ # t3. A bi-holomorphic map ® : X(t1) — X(f2) is determined
by the images of psi1,pi,_,,pn when |v.| > 3, and by the images of p;, _,,pi,_,,Dn
when |v.|] = 3. However, the bi-holomorphic map ® mapping (psi1,pi,_,,Pn)(t1) —
(p5+1’p7;n717pn)(t2) (resp. (pin72’pinfl’pn)(t1) = (pi'rLfQ’pinfl’pn)(tz)) maps pi, (tl) =
(25 —t1,1) to (25, —t1,t2/t1) # pi, (t2) (vesp. pi, (1) = (—t1,1) to (—t1,t2/t1) # pi, (t2)),
i.e., ® can not be an isomorphism. O

Remark 4.2. Due to Lemma 4.6, the coordinates on V' x B, provide a coordinate system
at (X°;p°) € D,. There is a natural coordinate projection p: V x B, — V.

For a o-invariant v and c,-invariant V, the above coordinates and the local isomor-
phism k are equivariant with respect to a suitable real structure ((z,w) +— (Z,@) when
RY # (), and (z,w) — (w0, 2) when RY = (}) on CP* x CP!. Therefore, the real part
RV x| — €,€[ of V x B, provides a neighborhood for a (X°;p°) in RD, with a set of
coordinates on it.

4.5.2. Contraction morphisms for o-planar trees.

Let (,06) be an o-planar tree and ¢ : v — 7 be a morphism of n-trees contracting an
invariant set of edges Econ = Ey \ ¢r(E;). In such a situation, we associate a particular
o-planar structure o on 7, as described below in separate cases (a) and (b), and speak
of a contraction morphism ¢ : (v,6) — (7,0). In all the cases, except (a-2), the o-planar
structure o is uniquely defined by 6.

(a) Let E.on = {e = (fe, f¢)} and e be an invariant edge.
(1) If 9y(e) = {ve,v°} C V¥, then we convert the o-planar structures

Op, = (R, # @;Fﬂc(ve);Fi(ve) ={{i} < <{im} <{fe}}}
05 P (v°); Py (v°) = {{ih} < - < {ir. ) < {f}}}.
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at ve and v© to an o-planar structure at vertex v = ¢y ({ve,v°}) of (7,0)
defining it by
0, = {RE, #0; FF(v) = FFf(ve) U FF(v°);
Fr o) ={{i} < <{im} < {it} < <{il 1}
The o-planar structures are kept unchanged at all other invariant vertices.
(2) If e is a special invariant edge, then we convert the o-planar structure

0 = {fe — +,f¢ — —} of v into an o-planar structure at the vertex
v = ¢y ({ve,v°}) of 7 defining it by

0y = RS, # 0: F (v) = Ff (ve) \ {fe}, Fy (v) = Fy (v9) \ {f}; FF (v) = 0}
or by
0, = {RZ, = 0}.
(b) Let Econ, = {€; = (fe,, f¢) | © = 1,2} where fe,,i = 1,2 and f¢,i = 1,2 are
conjugate pairs of flags.
(1) If y(e;) = {0,v%}, and & € V¥, v & V¥, then we convert the o-planar
structure

0y = {RZy # 0; F1 (0); F(0) = {{in} < -+~ < {im}}}-
at O to an o-planar structure at v = ¢({0,v°*,v°2}) of 7 defining it by

oy = AR, #0; F(v) = FF(0)UFS () \{fe,, f},
Fro(v) = F7(0) U7 (092)\ {fes, f2 )5
FE() ={{in} < <{im}}}-

(2) If 8,(e;) = {0,v}, and & € V¥, v% & V¥, then we convert the o-planar
structure 0o, = {RX; = 0} at the vertex ¢ to an o-planar structure at v =
d({D,v°1,v2}) of 7 defining it by o, = {RE, = 0}.

(3) If Econ = {ei = (fe,, f) | i = 1,2} and 0, (e;) NV, = 0, then we define the
o-planar structure at each v in 7 to be the same as the o-planar structure at
v of (v,0).

Remark 4.3. Let (v, 06) be an o-planar tree with R # ), and let ¢, : (,6) — (7, 0) be
the contraction of an edge e € E.,. If the o-planar tree (7,0) and the u-planar tree (v, )
underlying (v, 6) are given, then the o-planar structure 6 can be reconstructed. For this
reason, when a stratum C(, 4) contained in the boundary of 6(T,u) is given, we denote
the corresponding o-planar structure 6 by (o).

Proposition 4.7. A stratum C, ) is contained in the boundary of 6(7.7“) if and only
if the u-planar structures w,w can be lifted to o-planar structures 0,6 in such a way that
(1,0) is obtained by contracting an invariant set of edges of (v, 0).

Proof. We need to consider the statement only for the strata of codimension one and two.
These cases correspond to the contraction morphisms from two/three-vertex o-planar
(sub)trees to one-vertex o-planar (sub)trees given in (a) and (b). For a stratum of higher
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codimension, the statement can be proved by applying the elementary contractions (a)
and (b) inductively. Here, we consider only the case (a-1). The proof for other cases is
the same.

We first assume that (7, 0) is obtained by contracting the edge e of (v, 6), where (v, 0)
is an o-planar two-vertex tree with V,, = Vﬂ{]R = {ve,v°}. An element (X;p) € C(,,5) can
be represented by the nodal curve {(z — z5.) - w = 0} in CP! x CP' with special points
ay = (z7,0) and by = (z5,,wy) such that

ar€{w=0%& 3(z) >0} for f € FF(ve)
aF € {w=0& 3(z) <0} for f € F (ve)
{ai, < <a;,} C{w=0& I(z) =0} for i, € F)(ve)

on the axis w = 0, and b, = (zy,, wy)

by e{z—z5 =0& I(w) > 0} for f € F.f (v°)
bre{z—zp, =0& 3(w) <0} for f € F (v°)
{by <---<by yC{z—z, =0& S(w) =0} for i, € FIf(v°)

When we include the curve {(z — zy.) - w = 0} into the family {(z — zy,) - w +t = 0},
the complex orientation defined on the irreducible components w = 0 and z — z¢y, = 0
by the halves $(z) > 0 and, respectively, (w) > 0 extends continuously to a complex
orientation of {(z — z5,) - w4+t = 0} with ¢ € [0, ¢[ defined by, say, $(z) > 0. As a result,
the curves {(z — 2zy,) - w +t = 0} with ¢ € [0, €[ acquire an o-planar structure given by

(zp,wp) €{(z —2,) - w+t=0& J(2) >0} for f € Ff(ve) JFS(v)
(zp,wp) € {(z —25.) wH+t=0& S(2) <0} for f e F (ve)J € F (v°)
(zp,wp) € {(z—2p,) - w+t=0& 3(2) =0} for f € F}f(ve) UF§(UE)
where the points on the real part of the curves {(z — zy,) - w+t = 0} are cyclicly ordered
by
Zip <0< Z, <Zl/1 <<Z,L/m,
This is exactly the o-planar structure (7,0) defined in (a-1) of 4.5.2.

Now assume that C, g), where (v, %) is an u-planar tree with V., = V,]YR = {we,ve}, is
contained in the boundary of 6(7'771,)' There are four different o-planar representatives of
(v,4), and any two non reverse to each other representatives 61,62 provide by contraction
two different o-planar structures (7,0;),i = 1,2. By the already proved part of the
statement, C(, 4) is contained in the boundary of 6(7,01) for each i = 1,2. It remains to
notice that any codimension one stratum is adjacent to at most two main strata. (I

4.5.3. Examples

(i) The first nontrivial example is M4. There are three real structures: c,,, Coy; Coss
where

(12 3 4 (12 3 4 don (1 234
1=\ 1 2 34 )2 (2 1 3 4 )23 41 2/
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These real structures then give RM(%J), where (2k,1) = (0,4),(2,2), and (4,0) respec-
tively.

In the case o = id, RM (g 4) is the configuration space of four distinct points on RP!
up to the action of PSLy(R). The 4-pointed curves (¥;p) € RM(g 4y can be identified
with (0,22, 1,00) where 3 € RP' \ {0,1,00}. Hence, RM (4 = RP*\ {0,1,00} and
its compactification is RM(OA) = RP!. The three intervals of RMg,4) are the three
configuration spaces C(,,,) and the three points are the configuration spaces C|
The u-planar trees (7,u;) and (7;,u;) are given in Fig. 2.

Vi i)*

Mo ) OM (0,4
1 2 1 4 1 2

X X X Y Y Y
4 3 3 9 3 4 (717U1K (’Y%Wi (737U3K
(rw)  (mu) 1 3 2 3 9 4

(7—7 U3)
FIGURE 2. U-planar trees encoding the strata of M(0,4)~

In the case 0 = o1, RM(5 2 is the space of distinct configurations of two points in
RP! and a pair of complex conjugate points in CP! \ RP*. (3;p) € RM 3 2y is identified
with (v=1, —v/=1,23,00) € C(74), —00 < x3 < 00. Hence, RM5 ) = RP*\ {oc} and its
compactification is Rﬂ(zg) = RP!'. The interval RM3,2y is C(; ) and the point at its
closure is C, ).

In the case 0 = 02, the space RM 4 ) has different pieces parameterizing real curves
with non-empty and empty real parts: The subspace of RMy o) parameterizing the
(4,0)-pointed real curve with RY # 0 is (A\/—1,v/—=1,—Ay/—1,—v/—1) where \ €] —
1,1[\{0}. The subspace of RM(, ) parameterizing the real curves with RY = 0 is
(MW—=1,v/=1,—/—=1/\,—/—1), where A\ €] — 1,1[. Note that, the pieces parameter-
izing RY # () and RY = () are joined through the boundary points corresponding to
curves with isolated real singular points. The compactification RM(“)) is RP!.

(ii) The moduli space M5 has three different real structures c,, ,¢,, and c,, where

1 2 3 45 1 2 3 45 1 2 3 45
Ul:(l 2 3 4 5)"’2:(2 1 3 4 5) and"3:<3 41 2 5)'
The space RMq 5) is identified with the configuration space of five distinct points on
RP! modulo PSLy(R). It is (RP!\ {0,1,00})? \ A, where A is union of all diagonals.
Each connected component of RMq 5 is isomorphic to a two dimensional simplex. The
closure of each cell can be obtained by adding the boundaries given in Section 4.5; for

an example see Fig. 3a. It gives the compactification of RM(O@ which is a torus with
3 points blown up: the cells corresponding to u-planar trees (7,u;) and (7, us) are glued
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along the face corresponding to (y,u) which gives (7,u;),% = 1,2 by contracting some
edges, see Fig. 3b.

(b)

FIGURE 3. (a) Stratification of é'(ﬂu). (b) The stratification of RM g 5.

The space RM 3 3) is isomorphic to configurations of a conjugate pair of points on
CP!. The automorphisms allows us to identify such configurations with (z,%,0,1,00)
where z € C\ R. Hence, it can be given as CP' \ RP'. The RM 3 is obtained as a
sphere with 3 points blown up according to the stratification given in Section 4.5.

Finally, elements of RM(, 1y can be identified with (z, vV—1,z,—/—1,00). Hence it
can be identified with CP' \ (RP! U {y/—1, —/—1}). Therefore, connected components
are isomorphic to HT \ {y/=1}. The RM@M) is a sphere with a point blown up.

The moduli space Mj is a del Pezzo surface of degree 5 and these are all the possible
real parts of this del Pezzo surface (see [1]).

5. The first Stiefel-Whitney class of RM(%J)

In this section we calculate the first Stiefel-Whitney class of RM(%J) by using the
stratification given in Theorem 4.5.

5.1. Orientations of top-dimensional strata

Let (7,0) be a one-vertex o-planar tree. The coordinates on C(,,) given in Section
4.1.2 determine an orientation of C(; ,y. For instance, let [Fix(c)| > 3 and let the o-

planar structure on (7,0) be given by Perm® and by a linear ordering Ty, =0 <2y, <
coe <@y, =1<uwm =z, =00 on Fix(c). The coordinates in (A) of 4.1.2 generate the
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following top-dimensional differential form on C(; ,):

k
v—1
W(r,0) = (2 /\ dze, NdZ,, /\ dxi, N+ Ndxg,_,. (8)

a,EPerm™

The multiplication of top-dimensional forms with a positive valued function © : C; ;) —
R-¢ defines an equivalence relation on sections of det(T'C(,,)). An orientation is an
equivalence class of nowhere zero top-dimensional forms with respect to this equivalence
relation. We denote the equivalence class of w(; o) by [w(r,0)]-

Similarly, using the coordinates given in (A’), (B), (C) and (D) in 4.1.2 and their
ordering, we determine differential forms w, .y and orientations [w(, ] of C(; ) for all
(1,0) with |[V;]| = 1.

5.2. Orientations of codimension one strata

Let (v, 0) be a two-vertex o-planar tree. Let V, = {v,, v} and e = (fe, f¢) be the edge
where 0,(n) = 0y(fe) = ve and 0,(f°) = v°.

By choosing three flags in F,(ve) and F,(v°), and using the calibrations as in 4.1.2 we
obtain a coordinate system in C(,, ,, ) for each v € {v.,v°}. More precisely, we use the
following choice.

L. Let RY, # 0 for v € {ve,v°} and let Fix(o) # 0. If |[FJ(ve)| > 3 (resp. |[FJ(v)] >
3), then we specify an isomorphism @, : %, — CP! (resp. ®,c : X,c — CP)
by mapping three consecutive special points as follows: If |Fi(ve)| > 3 and
the special points py, and p, are not consecutive, then ®, : (pi,_,,pn,pi,) —
(1,00,0). If [F3¥(ve)| > 3 and the special points py, and p, are consecutive and

{fe} <{n} <{ir}, = Qv :(pr,Pnpi;) — (1,00,0),
{i—a} <{n} <{fe}, = @u.: (pil—upn?pfe) = (1,00,0).
For ‘F'])}/{(ve)' >3, Pye : (piq+1’piq+'r'7pfe) = (17 OO’O)'
If [F(ve)| < 3 (vesp. |FF(v°)| < 3), then in addition to p, — oo (resp.
pse — 0), we pick the maximal element o in F.f (v) (resp. F.f(v®)) and map the
pair of conjugate labeled points (pa,pg) to (v/—1, —v/—1).

II. Let RY, # @ for v € {ve,v*} and let Fix(c) = (. We specify an isomorphism
®, : ¥, — CP! by mapping the pair of conjugate labeled points (pa,ps) to
(v/=1,—/—1) for the maximal element « in Ff (v), and py, — 0 (resp. pye — 0).

ITI. Let RY be an isolated real node. We pick a maximal element ax_1 in Ff(ve) \
{n} and specify isomorphisms ®, : ¥, — CP! and ®,. : ¥,c — CP! by
mapping the special points (py,,Pa,_,,Pn) and, respectively, (pge,pa, ,,pm) to
(0,v/=1/2,v/-1).

By using the o-planar structure

{ {RE, 7 0; FF(v); FY(v) =

fi} <---<A{fi,}}} for casel,
(RS, # 0 F(v); F(v)

{{
0} for case II,

v =
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of v, for each v € {v,,v°}, arrange the coordinates of the special points in the following
order

(Zalv"' 7Z01kv7xi17"' 7xilv)7
where o, € F.F(v). We fix special points as in (I) and (IT), and apply (8) to introduce
top-dimensional differential forms Q(, . ,..) and Q¢ o y on C . 0.) and C, o)
(note that the resulting forms do not depend on the order of z-coordinates). In the case

(IIT), there are no real special points, so we may get a top-dimensional differential form
Q(y,0) o0 C(, ,y via choosing the vertex v € VW‘Ir with ordering arbitrarily the z-coordinates

(Zap te 7Zozkv)

where F.f = {ay,--- ,ag, }.

In such a way, we produce well-defined orientations [Q(,, . o.)] and [, o, )] of,
Clype000) and C(y, o,y respectively, and finally get an orientation on Cy, ,) determined
by

[Q(%c,ove)] A [Q(%e,o”e)] when V’Y = V,]YR
Q0] when V¥ =0 and v € V..

5.3. Induced orientations on codimension one strata

Let C(74) be a top dimensional stratum, and let C, 4) be a codimension one stratum
contained in the boundary of 6(7,10. We lift the u-planar structures u, @ to o-planar rep-
resentatives 0,6 = (o) such that (7, 0) is obtained by contracting the edge of (y, d(0)) (see
Prop. 4.7). Then we pick a point (X°,p°) € C(4,5(,)) and consider a tubular neighborhood
RV x [0,€¢[ of (2°,p°) in C(;,,) as in Section 4.5.

The orientation [w(, )], introduced in 5.1, induces some orientation on C(, 5(0)): The

outward normal direction of C(;,,) on RV x {0} C C(y5(0)) is —0;, where ¢ is the stan-
dard coordinate on [0,e[C R. Therefore a differential form w, 5()) defines the induced
orientation, if and only if

—dt AW(y,6(0)) = Ow(r,0) 9)

with © > 0 at each point of RV x]0, €].
In what follows, we compare the induced orientation [w(ys(0))] With [Q(y,. 0.c)] A

[Q (’Yve »0ve )] :

5.3.1. Case I: Fix(o) # 0.

Lemma 5.1. Let (v,0(0)) be an o-planar tree as above, and let |FY| =142 > 3, and
|[F(v)| =7+ 1. Then,

Wivson] = (¥ (e 000)] A R, 000)]

where the values of X for separate cases are given in the following table.

24



Moduli of pointed real curves of genus zero

N l—r>3 l—r=2 l—r=1
{in} <{fe} <{n} [ {fe} <{u—1} <{n}
r>2|(¢g+1)(r+1) 0 l+1 [+1
r=1 1 1 1 1
r=20 q+1 0 0 0

Here, the third and fourth columns correspond to two possible cyclic orderings of F§(Ue)
for |F5(ve)| = 3 in Case 1 of Section 5.2.

U .
)

q+1 | .

s >(_1)(q+1)(T+1) : i

19 .

i1

i +7r D
q Lgtr+1

FI1GURE 4. Codimension 1 boundaries of 6(7’5(0)) where [ —r >3 & r > 2.

Proof. We will prove the statement only for the special case of [ —r > 3, r > 2. The
calculations for other cases are almost identical.

Let (X2,p°) € C(y.500))- We set X9 to be {w = 0} and X9 to be {z — zy, = 0}.
According to the convention in 5.2, the consecutive special points (pi,_,,Pn,Pi,) (resp.
(Piys1>PigyrsPye)) on the component ¥, (resp. X,c) are fixed at (1,00,0). As shown
in the proof of Proposition 4.7, a tubular neighborhood RV x [0, €[ of (£°,p?) in 6(770)
can be given by the family {(z —xy, ) - w+t = 0]t € [0,¢[} with labeled points p;, =
(Ovt/mfc)v Pigyn = (xfc —t,1), Pigyr = (mfc’ 00), pi,_, = (1,—t/(1 — xfe))V pn = (00,0),
pi. = (xi,, —t/ (i, —xy,)) for ix € FY¥\{i1,igs1,qrr it—1,n} and pa = (2a, —t/(2a—12y,))
for a € Ff.

We first consider the following subcase: the special points py, and p,, are not consec-
utive. According to 5.2, the differential forms Q,, ,, ) and Q(, . o, .) of this case are as
follows:

|FF (ve)
V=1 ¥
Q(’yue,oue) = <2) /\ dzo NdZg N

a€FS (ve)

iy A+ Ny, Ny, Adwa,, AT AT, N,y A Ada,_y,
|EF (v°)]
/—1\ -
Q(Vvevo'ue) = < 2 /\ dwﬁ A dwﬂ /\ dyiq+2 ARRRNA dyiq+r—1
BEFS (ve)
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By using the identities wg = —t/(23 — xy,) for § € F(v¢) and y; = —t/(z; — xy,) for
i € F¥(v°), we obtain the following equalities:

dt = —dz;,,, +dzy,, dxy =dz; .,

o dt tdz tdxy, +
dwﬁ T zp-ag, T (Z[afwie)z - (tzgfwffey for § € FW (Ue)’
dyl = 7Iiiiife + (Ilt_dg;e)2 - (Ii_fj;ee)z for Z:q+27 ,quT* 1.

These identities imply that —dt A Q. 0,e) A Q. 0,.) 1 equal to

sy
: v—1\""
(—1)r=Da=D) (2) (S} /\ dzo N\ dZq /\da:i2 AN

a€Fy

where © = HﬁeFi(ve) t(zg —xp,) 2 H¢q+2,..~ dgan i — zy, )2 Since © > 0, the orien-
tation defined by —dt A Q4. 0,0) A Qiype.00e) 18 equal to (—1)Xw(r 0]

We now consider the cases {f.} < {n} < {i1} (e, g+r=101—-1)and {i;_1} < {n} <
{fe} (ie., ¢ =0). According to 5.2, the differential forms €2 ) Ny, 0,,) are equal
to

Yve,0v

|FF
/1
<2 (/\ﬂeFaf(ve) dZﬁ A dzﬂ /\ dyiq+2 ARRRNA dyil72>

A (/\aEF:j—(ve) dz!l A dEOé /\ dxzé VANRERAN dﬂ%,)
when ¢ +7=1-1, and

|FF |
/—1 ¥ -
(2 (/\ﬁeFjr(ve) dzg Ndzg Ndyi, A -+ A dyz'r_l)

A (/\aeFj(ve) dzo NdZo Ndxi N N dxil_Q)
when ¢ = 0. The equation (z — zy,) - w + t = 0 implies the following equalities:

dt = —dx;,,,, dry, =dv;_, wheng+r=10-1

dt = dx;,, dzy, =dx;,, when ¢ =0,
and
tdz tdx +
dwg = ——2t g — Le for F=(ve
s 23—Tf, + (Z%—Efe)Z (fé?_rfe)z per (%),
L dt tdx; _ s . L
dy; = vy, T @i-ap)? | @i-as,)? for i = g2, igsr—1-

By using these identities we obtain that —dt A Q(4,. o,c) A Q(q,e,0,¢) 18 equal to

—\ |FS
,1 Y
(—1)la=Dl=a=2) <2) O N dea AdZa \dai, A Adai,_,

aeF;r
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when ¢ +7=1—1, and

|FF
1\
(=)= (2> O N dza NdZo )\ duiy A+ N,
m’:‘F;r
when g = 0. Since © = [[gcpr(,e) 125 — xy)72 IL, .. t(z; —x5,)7% > 0, the
orientation [w(4,5(0))] induced by [w(; ] is equal to
(71)N [Q('Yv“aovﬂ) A Q("/veaove)] =
{ (—1)(4“1’1)(7’71) [Q(’Yve’o'ue) A Q(’YUE,OUG)] When q tr= l o 1’
(_1)(7,71) I:Q(’Yveaovc) A Q("/veyove)] When q9= 0

“lgtr—1

5.3.2. Case Il Fix(c) = 0.

The different cases for boundaries of C(, ,) are treated separately. The proofs are
essentially the same as the proof of Lemma 5.1.
Subcase RX # (). Let (7,0) be a one-vertex o-planar tree with RY # 0, and let [w(; )]
be, in accordance with 5.1, the orientation of C(; ,) defined by the differential form

V1o -
Wiro) = (F5) A dza, ANdZa, \dX  (10)
a,€Perm™t\(Permt {k—1,k,2k—1,2k})
(which is given by the coordinates in (C) of 4.1.2). Here A = $(zy) and o € {k—1,2k —
1} Perm™.

Lemma 5.2. Let (7y,0(0)) be a two-vertex o-planar tree, and let the corresponding strata
C(y,5(0)) be contained in the boundary ofé(m,).

(i) If V¥ = V,, then the orientation [w(y,s0y)] induced by the orientation [w(r )] is
equal to —[Q(y,. 0,)] A [Q(%eyo%)].

(i) If V¥ = 0, then the orientation [w( s(o))] induced by the orientation [w(- )] is equal
to [Q,5¢0)]-
Subcase RY = (). Let (7,0) be a one-vertex o-planar tree where o = {RX = ()} and let
[w(r,0)] be, in accordance with 5.1, the orientation of C(, ,) defined by

V-1
Wiroy = ()2 N\ dea. AdZa. \dA (11)
a. {1, ,k—2}

(which is given by the coordinates in (D) of 4.1.2). Here A = $(z;—1).
Lemma 5.3. Let (v,0(0)) be a two-vertex o-planar tree where V. =0, and let C (o))
be contained in the boundary of strata 6(7,0) given above. Then the orientation [w(y, 5(o))]

induced by the orientation [w(r )] is equal to (—1)N[Q(W;(O))] where N is given by
{1, =1} F |+ 1.
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5.4. Conventions

Let (7,04) be the one-vertex o-planar tree where the o-planar structure o, is given by
RS # 0, FF = {1,2,--- ,k}, F~ = {k+1,---,2k}, and FF = {2k + 1} < {2k + 2} <
-+ < {2k +1:=n}. All the other o-planar structures with RYX # @) on 7 are obtained as
follows.

Let 0 € S, be a permutation which commutes with ¢ and, if [ > 0, preserves n.
It determines an o-planar structure given by o(0,) = {RY # 0; o(Perm™); Fix(o) =
{02k +1)} < --- <{o(2k+1—-1)} < {o(n) = n}}}. The parity of ¢ depends only on

0 = o(0x) and we call it parity |o| of o = o(0y4).

5.4.1. Convention of orientations

We fix an orientation for each top-dimensional stratum as follows.

a. Case RY # (). First, we select o-planar representatives for each one-vertex u-
planar tree with RY # () as follows:
(1) if I > 3, we choose the representative (1,0) of (7,u) for which {2k + 1} <
fn—1} < {n};
(2) if I < 3, we choose the representative (7,0) of (7,u) such that k& € Perm™.
We denote the set of these o-planar representatives of u-planar trees by UT'ree(o),
and select the orientation for C(, ) = C(; o) With C(;,) € UTree(o) to be

(71)‘()'["‘}(7,0)]’ (12)

where w(, ) is the form defined according to 5.1 and |0 is the parity introduced
in 5.4.
b. Case RY = (). Here, we choose the orientation defined by the form (11).

In what follows, if RY # () we denote the set of flags {2k +1,n —1,n} (for [ > 3 case)
and {k,2k,n} (for I < 3 case) by 3.

5.5. Adjacent top-dimensional strata with RY # ()

Let Cru;),? = 1,2, be a pair of adjacent top-dimensional strata with RX # ), and
C(y,u) be their common codimension one boundary stratum. Let (7,0;) be the o-planar
representatives of (7,u;) given in 5.4.1. Consider the pair of o-planar representatives
(7,8(0i)) of (,u) which respectively give (7,0;) after contracting their edges.

Lemma 5.4. The o-planar tree (v,(01)) is obtained by reversing the o-planar structure
8(02)v of (7,6(01)) at vertex v where |Fy(v)(§| < 1.

Proof. Obviously, (v,d(01)) can be obtained from (,d(02)) by reversing the o-planar
structures at one or both its vertices ve, v¢. If we reverse the o-planar structure of (v, d(02))
at the vertex v such that |F,(v) (& > 1, or at both of its vertices v, and v®, then the
resulting o-planar tree will not be an element of UTree(c) after contracting its edge:
reversing the o-planar structure at the vertex v with [F,(v) (| > 1, or at both of the

28



Moduli of pointed real curves of genus zero

vertices reverses cyclic order of the elements {2k + 1,n — 1,n} when [ > 3, and moves k
from Perm™ to Perm™ when [ < 3 (see Figure 5). O

FI1GURE 5. Two possible deformation of a real double point.

For a pair of two-vertex o-planar trees (v, 0(0;)) as above, we calculate the differences
of parities as follows.

Lemma 5.5. Let (7,0(0;)),i = 1,2 be a pair of o-planar trees as above. Let V, = VW]R =
{ve, v}, and let o-planar structures at the vertices v, and v° be

oo, = { BB AR — i << i) < (1) <
Hve <Algtre1} <o <{i1} <{n}}
6(02)pe = {RYE,c # ®3Fyi(ve);F§(ve) = {{igr1} < <{ig+r} <{f}}}

Let v be the vertex such that |Fy(v)(§| < 1. Then,

|F3 (v°)] + 2ot if v =0
or] — loo] = \Fj(ve)|+qr+rs+qs+@+@ if v =1, and |[FX(v.)| > 3,
lo1| = o2 R : %
|EoF (ve)| 4 [FS (ve)] = 1 if v =wv, and |F(ve)| = 3,
| EF (ve)| if v=w, and [F(ve)| = 2.

Here, r = |[F(v®)| — 1 and s = |F¥(ve)| — q — 2.

In Section 5.2, we have introduced differential forms Q(,, s50,),) for each v € V.
When we reverse the o-planar structure at the vertex v, the differential forms Q(,, 5(0s).)>
Q(y,.5(01),) become related as follows.

Lemma 5.6. Let (v,(0;)),% = 1,2 be two-vertex o-planar trees as above. Then,

Qy0.6(01)0) = (—1)m) Qy,6(02)0)>

where

R ()| — Ry _
u(v) = |Fj(v)\+ (|1F (v)] 2)2(|Fv( )| 3)'

Lemmata 5.5 and 5.6 follow from straightforward calculations.
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5.6. The first Stiefel-Whitney class
This section is devoted to the proof of the following theorem.

Theorem 5.7. (i) For Fix(o) # 0, the Poincaré dual of the first Stiefel-Whitney class of
RM(Q]CJ) 18

[wi] = Z [6(’y,u)] = Z [RE’Y] mod 2,
(vu) v

where the both sums are taken over all two-vertex trees such that

o [F,(v°)NF] <1 and|v?| =0 mod 2, or

o |Fy(ve) VT <1, |[F(ve)| # 3 and |ve|(Jv¢| = 1) =0 mod 2, or

o |F,(00) N3] < 1, [F2(ve)| = 3 and |F2(0°)| = 1,
and, in the first sum, in addition over all u-planar structures on ~y. o

(i) For Fix(o) = (), the Poincaré dual of the first Stiefel-Whitney class of RM (a5, 0

vanishes.

Proof. Fix an orientation for each top-dimensional stratum as in 5.4.1. The orientation
(—1)lel [W(r,0)] of a top-dimensional stratum C'; ,) induces some orientation of each codi-
mension one stratum C(, s5(0)) (and C(, ) contained in the boundary of 6(710). The
induced orientations (—1)1°[w, 5(0))] and (—1)!°/[w(, )] are determined in Lemmata 5.1,
5.2 and 5.3, and they give (relative) fundamental cycles [C(, 5(0))] and [C(, )] of the
codimension one strata 6(%5(0)) and 6(%5) respectively.

The Poincaré dual of the first Stiefel-Whitney class of RM(%J) is given by

%Z(T,u) 2(7’6(0)) [6(7’6(0))]> mod 2, when [ > 07
L ) (S0 [Cira)])  mod 2, when I = 0,

where the external summation runs over all one-vertex u-planar trees (7,u) and the in-
ternal one over all codimension one strata of 6(7’0) for the one-vertex o-planar tree (7, 0)
which represents (7,u) in accordance with 5.4.1. Indeed, the sum (13) detects where the
orientation on RM sy ;) can not be extended to RM(%J).

We prove the theorem by evaluating (13).
Case Fix(c) # (0. Let C(r,0:),% = 1,2 be a pair of adjacent top-dimensional strata, and

[wn] = (13)

Cly,5(01)) C 6(%0” be their common codimension one boundary stratum. We calculate
[6(%5(01))} + [5(%5(02))] as follows. According to 5.4.1, the strata C(;,,) are oriented
by (—1)l°![w(; 0,)], and these orientations induce the orientations (—1)1°![w(, 500, on
C(+,5(01))- The induced orientations (—1)|Oi|[w(%5(oi))] are given by

(=D)IHNQ L s00)0e) A R, 6(00)00)]

in Lemmata 5.1 and 5.2 according to the convention introduced in Section 5.2. We denote
by v be the vertex such that |F,(v) (§| <1 as in Section 5.5, and compare the induced
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orientations by calculating
II(01,02) = (lo1| + V1) = (oz| + Ra) — p(v)

for each of the following three subcases.

First, assume that |F},(v®) () §| < 1. In this subcase, the o-planar structure is reversed
at the vertex v = v®. Therefore, X; = Ry according to Lemma 5.1. Finally, by applying
Lemmata 5.5 and 5.6 and using relation r = |FX*(v¢)| — 1 we obtain

. rir=1)  ([FF )] = 2)(|1F5 (v°)| - 3)
(o1, 02) = oa] ~ loo] o) = " BRI
= |F}(v%)] -2

|v¢] mod 2.

The latter equality follows from the fact that |FJf(v)| = |v| mod 2.

Second, assume that |Fy(v.) (| < 1 and |[FJ(ve)| # 3. In this subcase, the o-
planar structure is reversed at the vertex v = ve. Since |F3(ve)| # 3, once more Ry = N,
according to the Lemma 5.1. Finally, by applying Lemmata 5.5 and 5.6 and using relation
|[F(ve)] = g+ s 4 2, we obtain

(01,02) = qr+rs+q3+8(3_1)+Q(q—1)_(Q+3)((J+S—l)

2 2 2
= rlg+s),
= (F )] = D(IF5 (ve)] - 2),
= |ve|(Jv®| = 1) mod 2
when |Ff(ve)| > 3, and

I(o1,02) = 2|F;f(ve)]=0 mod 2
|ve|(Jv¢] — 1) mod 2

when |FJ(ve)| = 2.

Third, we consider |F,(ve)(§| < 1 and |F¥(ve)| = 3 case. In this subcase, the o-
planar structure is reversed at the vertex v.. Hence, Ry = Ry whenever |FJ (v¢)] = 1,2,
and Ry — Wy is £(I + 1) = £(|FJ(v)| + 2) whenever |F}¥(v°)| > 3. Finally, by applying
Lemmata 5.5 and 5.6, we obtain

[FE()| =1+ (|[FF ()] +2) =1 mod?2, when |F}(v°)|> 3,
I(01,09) = |F’ﬁg(ve)| -1 =1 mod 2, when \F’ﬁg(veﬂ =2,
R ()] — 1 —0 mod2, when |FE(uf)| =1,

The induced orientations (—1)"’1“[@0(%5(01))] are the same if and only if II(01,02) = 0
mod 2. Hence, we have

14 (=1)Mero2)
[Ctr500n] + [Cr.60000)] —

[Cr.6000)] -
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The sum ([C(4,5(0,))] + [C.6(00))])/2 gives us the fundamental cycle [C (4. s(5,))] When

(—1)"’1‘[w(%5(01))} = (—1)'02‘[w(%5(02))}, and it turns to zero otherwise. Finally, as it
follows from the above case-by-case calculations of II(01,03), the fundamental class of
a codimension one strata 6(%5(01)) is involved in [w;] if and only if one of the three
conditions given in Theorem are verified. It gives the first expression for [wq] given in
Theorem. Since in this first expression the sum is taken over all u-planar structures on
7, it can be shorten to the sum of the fundamental classes of RD.,.
Case Fix(0) = (). Let C(;4,),% = 1,2, be a pair of adjacent top-dimensional strata and
C(,4) be their common codimension one boundary stratum. Let (7,0;) be the o-planar
representatives of (7,u;) given in 5.4.1. Here, we have to consider two subcases: (i) C
is a stratum of real curves with two real components (i.e., |V;| = [VJ¥| = 2), and (i) C(, )
is a stratum of real curves with two complex conjugated components (i.e., |V,| = 2 and
\VVR| =0).

(i) Consider the pair of o-planar representatives (v, d(0;)) of (7, u) which respectively
give (7,0;) after contracting the edges and compare their o-planar structure. Since the
both tails n and o(n) are in F,(ve), the o-planar structure is reversed at the vertex v°.
Therefore, Ny = Ny according to the Lemma 5.1. Finally, by applying Lemmata 5.5 and
5.6, we obtain

vu)

(01,02) = 2|F; (v°)[+1=1 mod 2.

In other words, [6(%5(01))} + W(%5(02))] = 0 for this case.

(ii) Let C(r,0,) be a stratum of real curves with empty real part, and let (v,6) be an
o-planar representative of (vy,u).

The orientations of C(, ) induced by the orientations (—1)‘0”[‘0(7,01)] and [w(r,0,)] of
C(r,0,) and C; o, are given in Lemmata 5.2 and 5.3. Namely, they are respectively given
by the following differential forms

(=1)lonl A d2e, N dZa,,
a €EF\(FS  {k—1,k,2k—1,2k})
(—1)® A dza, N dZa.

a €EFF\(FS  {k—1,k,2k—1,2k})

where |oi| = [{1,--- ,k =1} F | and X = [{1,--- ,k — 1} F [ + 1. Therefore, the
orientations induced from different sides are opposite and the sum (—1)%~1 [6(7#)} +
(=1)® [C(4,u)] vanishes for all such (v, ). O

5.6.1. Example

Due to Theorem 5.7, the Poincaré dual of the first Stiefel-Whitney class [w1] of RM(O@
can be represented by EW[RﬁW] =2 () [C(4,u)] where v are 5-trees with a vertex v
satisfying |v| = 4 and |F,(v)({1,4,5}| = 1. These 5-trees are given in Figure 6a, and
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the union corresponding strata |, RﬁnY is given the three exceptional divisors obtained
by blowing up the three highlighted points in Figure 6b.

5 4 1 5 1 4
1 e

123 234 235
@ (b)

FIGURE 6. (a) The 5-trees of Stiefel-Whitney class of RM(O,E,) due The-
orem 5.7, (b) The blown-up locus in RM(M))

HO1
(
o

6. The orientation double covering of RM(%D

In Section 5.6, the first Stiefel-Whitney class of RM(%J) is determined in terms of its
strata. We have also proved that the moduli space RM(%J) is orientable when n = 4 or
[ = 0. In this section, we give a combinatorial construction of orientation double covering
for the rest of the cases i.e., n > 4 and [ > 0. By observing the non-triviality of the
orientation double cover in these cases, we prove that RH(QM) is not orientable.

6.1. Construction of orientation double covering

In Section 4.1.1, we have shown that the map 5'(2,6’1) — RM 2,1y, which is identifying
the reverse o-planar structures, is a trivial double covering. The disjoint union of closed
strata 6(%,[) = |_|(T7O) 6(770), where |V;| = 1 and (7,0) runs over all possible o-planar
structures on 7, is a natural compactification of 5(2“).

To obtain the orientation double covering of RM(QM) we need to get rid of the codi-
mension one strata by pairwise gluing them. We use the following simple recipe: for each
pair (7,0;),= 1,2, of one-vertex o-planar trees obtained by contracting the edge in a pair
(1,0(0:)),7 = 1,2, of two-vertex o-planar trees with the same underlying tree such that
V, = VWR = {ve,v°}, ve = 04(n), we glue 6(7,01.) along 6(%5(01.)),@' =1,2,if

A. (,6(01)) produces (7, d(02)) by reversing the o-planar structure at the vertex v°,
|Fy(v*)N$] <1, and |[v°] =1 mod 2,

B. (v,d(01)) produces (v, d(02)) by reversing the o-planar structure at the vertex v,,
|Fy(v?)NF] <1, and [v°| =0 mod 2,
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2)) by reversing the o-planar structure at the vertex v,,
|Fy (ve) NE] < 1, [FX(ve)| # 3 and |ve|(Jv® —1]) =1 mod 2,
D. (v,d(01)) produces (v,d(02)) by reversing the o-planar structure at the vertex v°,
v

C. (v,9(01)) produces (7,6()(?
(o
()18 < L 50 £ 3 (- 1) 0 o 2
)|
(o

R
v
E. (7,0(01)) produces (v, d(02)) by reversing the o-planar structure at the vertex v,,
[Fy(ve) N3] < 1, \F§(Ue =3 and |F$(Ue)| # 1,
F. (v,0(01)) produces (v, d(02)) by reversing the o-planar structure at the vertex v°,
R

P, (0) N3] < L, |FR(ve)] = 3 and |FR(ue)] = 1.

We denote by RJ/\Z/(QkJ) the resulting factor space.
Theorem 6.1. RJ,\\](%J) is the orientation double cover of RM(%J).

Proof. Let M be the orientation double covering of RM(%J). The points of M can be
considered as points in RM(%J) with local orientation. On the other hand, by using op-
posite o-planar structures of a one-vertex 7 we can determine orientations (—1)°l [Wr,0]
and (—1)I°H=1w, 5] on C(;,4) and C(; 4 where (7,0) € UTree(c). These orientations
are opposite with respect to the identification of C(; ) and C(; 5) by the canonical dif-
feomorphism —I introduced in Subsection 4.1.1. Hence, there is a natural continuous
embedding 5(2]67[) = U(T,o)euTree(a)<C(r,o) UCrz5)) — M. Tt extends to a surjective con-
tinuous map C (o) = U(T,o)euTree(a) (C(r0) UC(r,5)) — M. Since C(a,) is compact and
M is Hausdorff, the orientation double covering Misa quotient space 6(2]@’1) /R of 6(%_’1)
under the equivalence relation R defined by the map 5(%71) — M.

This equivalence relation is uniquely determined by its restriction to the codimen-
sion one faces of 6(%71), which cover the codimension one strata of RM(%J) under the
composed map Cap) — M — RM (2,;). On the other hand, the equivalence rela-
tion on the codimension one faces is determined by the first Stiefel-Whitney class: A
partial section of the induced map 6(%71)/ R — RM(Qk,l) given by distinguished strata
U(T’O)euﬂee(a) C(r,0)- Over a neighborhood of a codimension one stratum of RM(%J),
a partial section extends to a section if this strata is not involved in the expression for
the first Stiefel-Whitney class given in Theorem 5.7, and it should not extend, otherwise.
Notice that the faces 6(775(0”) considered in relations A, C and £ are mapped onto the
strata 6(7’5(1‘)) which do not contribute to the expression [w;] given in Theorem 5.7, and
the faces C(, 5(,,)) in relations B, D and F are mapped onto the itrata C(r,5(u)) Which
contribute to the expression [w;]. There are four different faces C' 5(0),),7 = 1,--- ,4
over each codimension one stratum C'(; 5(,)). Lemma 5.4 determines the pairs C'(; s(0),),
C(r,6(0);) to be glued to each other. O

Corollary 6.2. The moduli space RM(%J) s not oritentable when 2k +1> 4 and 1 > 0.
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Proof. Let [ > 3, and (7,0) be an o-planar structure with {2k + 1} < {n —1} < {n}. It
is clear that, we can produce any o-planar structure on 7 with {2k +1} < {n —1} < {n}
by applying following operations consecutively:

e interchanging the order of two consecutive tails {é,7 4+ 1} for |{7,i + 1} F| <1
and n & {i,i + 1},
e swapping j € Perm™ with j € Perm™ for j # k, 2k.

The one-vertex o-planar trees with {n — 1} < {2k + 1} < {n} can be produced from the
o-planar tree (7,0) via same procedure.

Let [ = 1,2. Similarly, if we start with o-planar tree (7,0) with k¥ € Perm™ (k €
Perm™), we can produce any o-planar structure on 7 with k € Perm™ (k € Perm™) by
swapping j € Perm™ with j € Perm™ for j # k, 2k.

Note that, these operations correspond to passing from one top-dimensional stratum
to another in RJ,\\J/@M) through certain faces. These faces correspond to the one-edge
o-planar trees (v,d(0);) with F,(v®) = {i,i+1, f°} (resp. F,(v°®) = {4,7, f°}) which
are faces glued according to the relations of type 4. Hence, any two top-dimensional
strata in RM(%J) with same cyclic ordering of § (resp. with k is in same set Permi)
can be connected through a path passing through these codimension faces 6(%5(0)1).
The quotient space 6(2;@1) /A has two connected components since there are two possible
cyclic orderings of § when [ > 3 (resp. two possibilities for | = 1,2 case: k € Perm™ and
k € Perm™).

The set of relations of type B is not empty when 2k +1 > 4 and [ > 0. Moreover,
the relation of type B reverses the cyclic ordering on § (resp. moves k from Perm™ to
Perm™T). Hence, the faces glued according to the relations of type B connect two different
components of 6(%,1) /A. Therefore, the orientation double cover RM(%J) is nontrivial
when 2k + 1 > 4 and [ > 0 which simply means that the moduli space ]RM(%J) is not
orientable in this case. O

6.1.1. Examples

In Example 4.5.3, we obtained that RM o 5), RM (2,3), and RM (4,1) are respectively, a
torus with three points blown up, a sphere with three points blown up, and a sphere with
one point blown up. The coverings RM g 5y, RM (3 3y and RM 4 1) are obtained by taking
the two copies of the corresponding moduli space of real curves and replacing the blown
up loci by annuli. Therefore, RM 5y, RM 5 3y and RM 4 1y are surfaces of genus 4, genus
2 and genus 0, respectively (see Figure 7 which illustrates the case (k,1) = (0,5)).

6.2. Combinatorial types of strata of RM%J)

While constructing RM a1 1), the closure of the each codimension one strata are glued
in a consistent way. This identification of codimension strata gives an equivalence relation
among the o-planar trees when [ # 0.
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FIGURE 7. Stratification of RM@&)

We define the notion of R-equivalence on the set of such o-planar trees by treating
different cases separately. Let (v1,01), (72,02) be o-planar trees.

(1) It |V,yﬂf| = 1, then we say that they are R-equivalent whenever 1, y5 are isomorphic
(i.e., 71 =~ 72) and the o-planar structures are the same.

(2) If ; have an edge corresponding to real node (i.e. EY. = {e} and V} = 0, (e) =
{v°, v }), we first obtain (y;(e), 0;(€)) by contracting conjugate pairs of edges until
there will be none. We say that (y1,01) and (72,02) are R-equivalent whenever
Y1 ~ v and

e (y1(e),o01(e)) produces (v1(e),02(e)) by reversing the o-planar structure at

the vertex v°, |F,(v°) (§| <1, and |[v*| =1 mod 2,

(v1(e), 01(e)) produces (y1(e),02(e)) by reversing the o-planar structure at

the vertex ve, |Fy(v®)(F] < 1, and |[v°| =0 mod 2,

(71(e), 01(e)) produces (y1(e),02(e)) by reversing the o-planar structure at

the vertex ve, [Fy(ve) N F| < 1, [FJ(ve)| # 3 and |ve|(Jv® — 1) =1 mod 2,

(71(e), 01(e )) produces (y1(e), 02(e )) y reversing the o-planar structure at

the vertex v¢, |Fy(ve) NF| < 1, [FJ(ve)| # 3 and |ve|([v® — 1]) =0 mod 2,

) b

(

)

(71(e), 01(e)) produces (71(e), 0a(e ) y reversing the o-planar structure at

the vertex ve, [Fy(ve) NF| < 1, [FL (ve)| = 3 and |FJ (v°)] # 1,

(71(e), 01(e)) produces (y1(e),02(e ) by reversing the o- planar structure at

the vertex v¢, | (ve) 1§ < 1, [F5(ve)| = 3 and [F5(v®)| =1,

(3) Otherwise, if v; have more than one invariant edge (i.e. |E.,|® > 1), we say
that (v1,01), (72,02) are R-equivalent whenever v; =~ <, and there exists an
edge e € EY such that the o-planar trees (yi(e),0;(e)), which are obtained by
contracting all edges but e, are R-equivalent in the sense of the Case (2).

We call the maximal set of pairwise R-equivalent o-planar trees by R-equivalence classes
of o-planar trees.
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Theorem 6.3. A stratification of the orientation double cover RM oy, 1y is given by

RM ok, = | | Cy,0)-

R—equivalance classes
of o—planar (v,0)

6.3. Some other double coverings of RM(QM)

In [11], Kapranov constructed a different double covering @(0,1) of RH(OJ) having no
boundaries. He has applied the following recipe to obtain the double covering: Let 5(0,1)
be the disjoint union of closed strata |_|(T7O) 6(770) as above. Let (v,d(0;)),7 = 1,2 be two-
vertex o-planar trees representing the same u-planar tree (y, u), and let (7, 0;) be the one-
vertex trees obtained by contracting the edges of (y,0(0;)). The strata 6(%5(0”),1' =1,2
are glued if (v, d(01)) produces (v,d(02)) by reversing the o-planar structure at vertex
v # 0,(n). We obtain first Stiefel-Whitney class of H@\\/l(oyl) by using the same arguments
in Theorem 5.7.

Proposition 6.4. The Poincaré dual of the first Stiefel-Whitney class of @(O,Z) 18

EEDY > [Créep]  mod 2.

(7,0) (7,6(0)):|v¢|=0 mod 2

It is well-known that these spaces are not orientable when [ > 5.
6.3.1. A double covering from open-closed string theory

In [5, 17], a different ‘orientation double covering’ is considered. It can be given as the
disjoint union |_|(T’O) C(r,0) where Ff = {1,---  k}, and F¥ carries all possible oriented
cyclic ordering. It is a disjoint union of manifolds with corners. The covering map
|_|(T70) 6(770) — RM(%J) is two-to-one only over a subset of the open space RMyy ).
It only covers the subset | |, C(7,u) of RM (5 ;) where u-planar trees (7,u) have the
partition {{1,---,k},{k +1,---,2k}} of F, \ FX. Moreover, the covering map is not
two-to-one over the strata with codimension higher than zero.
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Moduli spaces of rational tropical curves

Grigory Mikhalkin

ABSTRACT. This note is devoted to the definition of moduli spaces of rational tropical
curves with n marked points. We show that this space has a structure of a smooth
tropical variety of dimension n — 3. We define the Deligne-Mumford compactification
of this space and tropical i-class divisors.

This paper gives a detailed description of the moduli space of tropical rational curves
mentioned in [4]. The survey [4] was prepared under rather sharp time and volume
constraints. As a result the coordinate presentation of this moduli space from [4] contains
a mistake (it was over-simplified). In this paper we’ll correct the mistake and give a
detailed description on M 5 as our main example.

1. Introduction: smooth tropical varieties

In this section we follow the definitions of [5] and [4].

The underlying algebra of tropical geometry is given by the semifield T = RU {—oc}
of tropical numbers. The tropical arithmetic operations are “a + b’ = max{a,b} and
“ab” = a + b. The quotation marks are used to distinguish between the tropical and
classical operations. With respect to addition T is a commutative semigroup with zero
“Op” = —oo. With respect to multiplication T* = T\ {01} ~ R is an honest commutative
group with the unit “l1p” = 0. Furthermore, the addition and multiplication satisfy the
distribution law “a(b+ ¢)” = “ab+ ac”, a,b,c € T. These operations may be viewed as a
result of the so-called dequantization of the classical arithmetic operations that underlies
the patchworking construction, see [3] and [8].

These tropical operations allow one to define tropical Laurent polynomials. Namely, a
tropical Laurent polynomial is a function f: R"™ — R,

) = <3 a7 = ma(a; + o),

J

where jx denotes the scalar product, z € (T*)" ~ R", j € Z™ and only finitely many
coefficients a; € T are non-zero (i.e. not —oo).

Affine-linear functions with integer slopes (for brevity we call them simply affine func-
tions) form an important subcollection of all Laurent polynomials. Namely, these are
such functions f : R™ — R that both f and “17T” = — f are tropical Laurent polynomials.

We equip T" =~ [—o00, 00)™ with the Euclidean topology. Let U C T™ be an open set.
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Definition 1.1. A continuous function f : U — T is called regular if its restriction to
U NR"™ coincides with a restriction of some tropical Laurent polynomial to U N R™.

We denote the sheaf of regular functions on T™ with O (or sometimes Op= to avoid
confusion). Any subset X C T" gets an induced regular sheaf Ox by restriction. For our
purposes we restrict our attention only to the case when X is a polyhedral complex, i.e.
when X is the closure of a union of convex polyhedra (possibly unbounded) in R™ such
that the intersection of any number of such polyhedra is their common face. We say that
X is an k-dimensional polyhedral complex if it is obtained from a union of k-dimensional
polyhedra. These polyhedra are called the facets of X.

Let V C X be an open set and f € Ox (V) be a regular function in V. A point z € V
is called a “zero point” of f if the restriction of “” = —f to W C V is not regular for
any open neighborhood W > z. Note that it may happen that = is a “zero point” for
¢ : U — T, but not for ¢|xny. It is easy to see that if X is a k-dimensional polyhedral
complex then the “zero locus” Z; of f is a (k — 1)-dimensional polyhedral subcomplex.

To each facet of Z; we may associate a natural number, called its weight (or degree).
To do this we choose a “zero point” z inside such a facet. We say that x is a “simple
zero” for f if for any local decomposition into a sum (i.e. the tropical product) of regular
function f = “gh” = g+h on V near x we have either g or h affine (i.e. without a “zero”).
We say that the weight is [ if f can be locally decomposed into a tropical product of [
functions with a simple zero at x.

A regular function f allows us to make the following modification on its domain
V € X C T". Consider the graph

Ly CcVxTcTv,
It is easy to see that the “zero locus”
ff cVxT

of the (regular) function “y + f(x)” (defined on V x T), where x is the coordinate on V'
and y is the coordinate on T, coincides with the union of I'y and the undergraph

Ulyz ={(z,y) € VxT|xeZsy< fla)}.

Furthermore, the weight of a facet F C T'y is 1if F € T'y (recall that as V is an unweighted
polyhedral complex all the weights of its facets are equal to one) and is the weight of the
corresponding facet of Z; if F € ULy z. We view 'y as a “tropical closure” of the set-
theoretical graph I'y. Note that we have a map ff — V. Weset V = ff to be the result
of the tropical modification jiy : V — V along the regular function f. The locus Zy is
called the center of tropical modification.

The weights of the facets of 174 supplies us with some inconvenience as they should be
incorporated in the definition of the regular sheaf Oy on V. Namely, the affine functions
defined by Oy on a facet of weight w should contain the group of functions that come as
restrictions to this facet of the affine functions on T"*! as a subgroup of index w.
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Sometimes one can get rid of the weights of 1% by a reparameterization with the help
of amap V — V that is given by locally linear maps in the corresponding charts. Indeed,
the restriction of i, : V — V to a facet is locally given by a linear function between two
k-dimensional affine-linear spaces defined over Z. If its determinant equals to w then the
push-forward of Oy supplies an extension of Oy, required by the weights. Note however
that if w > 1 then the converse map is not defined over Z and thus is not given by
elements of Oy,.

Tropical modifications give the basic equivalence relation in Tropical Geometry. It can
be shown that if we start from T* and do a number of tropical modifications on it then
the result is a k-dimensional polyhedral complex Y C T™ that satisfies to the following
balancing property (cf. Property 3.3 in [4] where balancing is restated in an equivalent

way).

Property 1.2. Let E C YNRY be a (k—1)-dimensional face and Fi, ..., F} be the facets
of Y adjacent to F' whose weights are wy,...,w;. Let L C RN be a (N — k)-dimensional
affine-linear space with an integer slope and such that it intersects E. For a generic (real)
vector v € RY the intersection F;N(L4-wv) is either empty or a single point. Let Ap, C N
be the integer vectors parallel to F; and A;, C Z" be the integer vectors parallel to L.
Set A; to be the product of w; and the index of the subgroup Ap, + Ap C ZN. We say
that Y C T"™ is balanced if for any choice of E, L and a small generic v the sum

Ly, = Z )\j

i | Fy0(L+v)#0

is independent of v. We say that Y is simply balanced if in addition for every j we can
find L and v so that F; N (L +v) # 0, ¢, = 1 and for every small v there exists an affine
hyperplane H, C L such that the intersection Y N (L + v) sits entirely on one side of
H, + v in L + v while the intersection Y N (H, + v) is a point.

Definition 1.3 (cf. [5],[4]). A topological space X enhanced with a sheaf of tropical
functions Ox is called a (smooth) tropical variety of dimension k if for every z € X there
exist an open set U 3 x and an open set V in a simply balanced polyhedral complex
Y C T¥ such that the restrictions Ox|y and Oy |y are isomorphic.

Tropical varieties are considered up to the equivalence generated by tropical modifi-
cations. It can be shown that a smooth tropical variety of dimension k can be locally
obtained from T* by a sequence of tropical modifications centered at smooth tropical
varieties of dimension (k — 1). This follows from the following proposition.

Proposition 1.4. Any k-dimensional simply balanced polyhedral compler X C R™ can
be obtained from T* by a sequence of consecutive tropical modifications whose centers are
stmply balanced (k — 1)-dimensional polyhedral complezes.

Proof. We prove this proposition inductively by n. Without the loss of genericity we may
assume that X is a fan, i.e. each convex polyhedron of X is a cone centered at the origin.

41



Grigory Mikhalkin

The base of the induction, when n = k, is trivial. When n > k let us take an
(n — k)-dimensional affine-linear subspace L C R™ given by Property 1.2. Choose a
linear projection

A:RY — RML

defined over Z and such that ker(\) is a line contained in L.
The image A\(X) C R"! is a k-dimensional polyhedral complex since L is transversal
to some facets of X. We claim that

AMx: X = AX)

is a tropical modification once we identify R™ and R”~! x R. The center of this modifi-
cation is the locus

Zp={z eR" | dim(\"*(z) N X) > 0}.

Here we use the dimension in the usual topological sense. Note that the (k—1)-dimensional
complex Zy C R"~! is simply balanced, existence of the needed (n—k)-dimensional affine-
linear spaces follows from the fact that X C R™ is simply balanced.

To justify our claim we note that near any point x € Zy the subcomplex ¥ C X
obtained as the (Euclidean topology) closure of X \ A7'(Zy) is a (set-theoretical) graph
of a convex function. This, once again, follows from the fact that X C R"™ is simply
balanced, this time applied to the points in the facets on X \ Y. Thus it gives a regular
tropical function f and it remains only to show that the the weight of any facet of £ C Z;
is 1. But this follows, in turn, from the balancing condition at A~} (E)NY. (]

2. Tropical curves and their moduli spaces

The definition of tropical variety is especially easy in dimension 1. Tropical modifica-
tions take a graph into a graph (with arbitrary valence of its vertices) and the tropical
structure carried by the sheaf Ox amounts to a complete metric on the complement of
the set of 1-valent vertices of the graph X (cf. [5], [6], [1]). Thus, each 1-valent vertex of
a tropical curve X is adjacent to an edge of infinite length.

A tropical modification allows one to contract such an edge or to attach it at any point
of X other than a 1-valent vertex. If we have a finite collection of marked points on X
then by passing to an equivalent model if needed we may assume that the set of marked
points coincides with the set of 1-valent vertices. (Of course, if X is a tree then we have
to have at least two marked points to make such assumption.)

The genus of a tropical curve X is dim Hy(X). Let Mg, be the set of all tropical
curves X of genus g with n distinct marked points. Fixing a combinatorial type of a
graph I' with n marked leaves defines a subset Ur C M, ,, consisting of marked tropical
curves with this combinatorics. A length of any non-leaf edge of I' defines a real-valued
function on Ur. Such functions are called edge-length functions. To avoid difficulties
caused by self-automorphisms of X from now on we restrict our attention to the case
g=0.
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Definition 2.1. The combinatorial type of a tropical curve X is its equivalence class up
to homeomorphisms respecting the markings.

Combinatorial types partition the set Mg, into disjoint subsets. The edge-length
functions define the structure of the polyhedral cone R in each of those subsets (as the
lengths have to be positive). The number M here is the number of the bounded (non-leaf)
edges in X. By the Euler characteristic reasoning it is equal to n — 3 if X is (1- and)
3-valent, it is smaller if X has vertices of higher valence.

Furthermore, any face of the polyhedral cone R% coincides with the cone correspond-
ing to another combinatorial type, the one where we contract some of the edges of X to
points. This gives the adjacency (fan-like) structure on My, so My 5, is a (non-compact)
polyhedral complex. In particular, it is a topological space.

Theorem 1. The set My, for n > 3 admits the structure of an (n — 3)-dimensional
tropical variety such that the edge-length functions are regular within each combinatorial
type. Furthermore, the space My, can be tropically embedded in RN for some N (i.e.
Mo, can be presented as a simply balanced complez).

Proof. This theorem is trivial for n = 3 as M 3 is a point. Otherwise, any two disjoint
ordered pairs of marked points can be used to define a global regular function on M,
with values in R = T*. Namely, each such ordered pair defines the oriented path on
the tropical curve X connecting the corresponding marked points. These paths can be
embedded.

Since the two pairs of marked points are disjoint, the intersection of the two corre-
sponding paths has to have finite length. We take this length with the positive sign if
the orientations agree and with the negative sign otherwise. This defines a function on
My . We call such functions the double ratio functions.

Take all possible disjoint pairs of marked points and use them as coordinates for our
embedding

t: Moy, — RV,
where N is the number of all possible decompositions of n into two disjoint pairs. The
theorem now follows from the following two lemmas. O

Note that, strictly speaking, each coordinate in RY depends not only on the choice of
two disjoint pairs of marked points but also on the order of points in each pair. However,
changing the order in one of the pairs only reverses the sign of the double ratio. Taking an
extra coordinate for such a change of order would be redundant. Indeed, for any balanced
complex Y C RY and any affine-linear function A : RV — R with an integer slope the
graph of X is a balanced complex in RN¥*! isomorphic to the initial complex Y.

Lemma 2.2. The map ¢ is a topological embedding.

Proof. First, let us prove that ¢ is an embedding. The combinatorial type of X is deter-
mined by the set of the coordinates that do not vanish on X. Indeed, any non-leaf edge E
of the tree X separates the leaves (i.e. the set of markings) into two classes corresponding
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to the components of X \ E. Let us take a coordinate in R™ that corresponds to four
marking points (union of the two disjoint pairs) such that two of these points belong to
one class and two to the other class. We call such a coordinate an E-compatible coor-
dinate. Note that an E-compatible coordinate vanishes on X if and only if the pairs of
markings defined by the coordinate agree with the pairs defined by the classes.

This observation suffices to reconstruct the combinatorial type of X. Furthermore, the
length of E equals to the minimal non-zero absolute value of the F-compatible coordi-
nates. This implies that ¢ is an embedding. O

Lemma 2.3. The image «(Moy ) is a simply balanced complex in RN .

Proof. This is a condition on codimension 1 faces of My ,. First we shall check it for
the case n = 4. There are three ways to split the four marking points into two disjoint
pairs. Accordingly, there are three combinatorial types of 3-valent trees with three marked
leaves. Thus our space My 4 is homeomorphic to the tripod, or the “interior” of the letter
Y, see Figure 1. Each ray of this tripod correspond to a combinatorial type of a 3-valent
tree with 4 leaves while the vertex correspond to the 4-valent tree.

FIGURE 1. The tropical moduli space My 4 and its points on the cor-
responding edges.
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Up to the sign we have the total of three double ratios for n = 4. Let us e.g. take those
defined by the following ordered pairs: {(12), (34)}, {(13),(24)} and {(14),(23)} Each is
vanishing on the corresponding ray of the tripod. Let us parameterize each ray of the
tripod by its only edge-length ¢ > 0 and compute the corresponding map to R3.

We have the following embeddings on the three rays

t— (Oat7t)’ t— (taoa _t)? t— (_t7_ta0)

The sum of the primitive integer vectors parallel to the resulting directions is 0 and thus
t(Mp,4) is balanced.

In the case n > 4 the codimension 1 faces of My, correspond to the combinatorial
types of X with a single 4-valent vertex. Near a point inside of such face F' the space M ,,
looks like the product of Mg 4 and R"~%. The factor R"~* comes from the edge-lengths
on F (its combinatorial type has n —4 bounded edges) while the factor Mg 4 comes from
perturbations of the 4-valent vertex (which result in a new bounded edge in one of the
three possible combinatorial types of the result).

We have a well-defined map from the union U of the F-adjacent facets to F' by con-
tracting the new edge to a point. Note that the edge-length functions exhibit F' as the
positive quadrant in R®~%. Furthermore, in the combinatorial type of F we may choose 4
leaves such that contracting all other leaves will take place outside of the 4-valent vertex
(see Figure 2). This contraction defines a map U — M 4.

FIGURE 2. One of the possible contractions of a tree with a 4-valent
vertex to the tree corresponding to the origin O € Mg 4.

The lemma now follows from the observation that the resulting decomposition into
Mo 4 X R"* agrees with the double ratio functions. Indeed, note that the complement
of the 4-valent vertex for a curve in the combinatorial type F' is composed of four compo-
nents. If the double ratio is such that its four markings are in one-to-one correspondence
with these components then at U it coincides with sum of the pull-back of the correspond-
ing double ratio in F' with the pull-back of the corresponding double ratio in My 4. If one
of the four components is lacking a marking from the double ratio p then p|y coincides
with the corresponding pull-back from F. O

Remark 2.4. The functions Z,, ., from [4] do not define regular functions on My, con-
trary to what is written in [4]. These functions were a result of an erroneous simplification
of the double ratio functions. But these functions cannot be regular as they are always
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positive and Proposition 5.12 of [4] is not correct. Even the projectivization of the em-
bedding is not a balanced complex already for Mg 5. One should use the (non-simplified)
double ratios instead.

Clearly, the space My, is non compact. However it is easy to compactify it by al-
lowing the lengths of bounded edges to assume infinite values. Let My, be the space
of connected trees with n (marked) leaves such that each edge of this tree is assigned a
length 0 < [ < 400 so that each leaf has length necessarily equal to +oo.

Corollary 2.5. The space Mo,n 18 a smooth compact tropical variety.

To verify that Mo,n is smooth near a point x at the boundary
aﬂo’n - ﬂo,n N MO,’I’L

we need to examine those double ratios that are equal to £o0o0 at . There we use only
those signs that result in —oo do that the map takes values in TY.

Remark 2.6. Note that the compactification Mo,n D My, corresponds to the Deligne-
Mumford compactification in the complex case as under the 1-parametric family collapse
of a Riemannian surface to a tropical curve the tropical length of an edge corresponds to
the rate of growth of the complex modulus of the holomorphic annulus collapsing to that
edge.

Furthermore, similarly to the complex story the infinite edges decompose a tropical
curve into components (where the non-leaf edges are finite). Any tropical map from an
infinite edge which is bounded would have to be constant and thus the image would have
to split as a union of several tropical curves in the target. Such decompositions were used
by Gathmann and Markwig in their deduction of the tropical WDVV equation in R?, see

[1].
3. Tropical ¢-classes

Note that we do have the forgetting maps
ftj : Mo,n+1 — ﬂom

for j =1,...,n+ 1 by contracting the leaf with the j-marking. This map is sometimes
called the universal curve. Each marking k # j defines a section oy, of ft;. The conormal
bundle to oy defines the 1,-class in complex geometry (to avoid ambiguity we take j =
n + 1). This notion can be adapted to our tropical setup.

Recall that so far our choice of tropical models in their equivalence class was such that
the leaves of the tropical curves were in 1-1 correspondence with the markings. For this
choice we have the images o3 (Mo,,) contained in the boundary part of Mg ,+1. This
presentation is compatible with the point of view when we think about line bundles in
tropical geometry to be given by H'(X,0*). Here X is the base of the bundle and O*
is the sheaf of “non-vanishing” tropical regular functions. Such functions are given in the
charts to RY by affine-linear functions with integer slopes, see [6]. (Recall that T* = R
is an honest group with respect to tropical multiplication, i.e. the classical addition.)
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However, the following alternative construction allows one to obtain the v-classes more
geometrically (as we’ll illustrate in an example in the next section). This approach is based
on contracting the leaves marked by number k.

The canonical class of a tropical curve is supported at its vertices, namely we take
each vertex with the multiplicity equal to its valence minus 2, cf. [6]. Furthermore,
the cotangent bundle near a 3-valent vertex point can be viewed as a neighborhood of
the origin for the line given by the tropical polynomial “x 4+ y + 177 in R2?, so the +1
self-intersection of the line gives the required multiplicity for the canonical class at any
3-valent vertex. Thus we can use the intersections with the corresponding codimension
1 faces in My, to define the y-classes there. In other words, tropical 1-classes will be
supported on the (n — 4)-dimensional faces in M ,,.

Namely, for a 1;-class we have to collect those codimension 1 faces in Mg, whose
only 4-valent vertex is adjacent to the leaf marked by k. After a contraction of this leaf
we get a 3-valent vertex, thus the multiplicity of every face in a iy-divisor is 1. We arrive
at the following definition.

Definition 3.1. The tropical ¥-divisor ¥ C My, is the union of those (n — 4)-
dimensional faces that correspond to tropical curves with a 4-valent vertex adjacent to
the leaf marked by k, k = 1,...,n. Each such face is taken with the multiplicity 1.

Proposition 3.2. The subcomplex Uy, is a divisor, i.e. satisfies the balancing condition.

Proof. Recall that the balancing condition is a condition at (n — 5)-dimensional faces. In
My, there are two types of such faces, one corresponding to tropical curves with two
4-valent vertices and one corresponding to a tropical curve with a 5-valent vertex.

Near the faces of the first type the moduli space M, ,, is locally a product of two copies
of Mg.4 and R™5. The ¥-divisor is a product of R”~®, one copy of M 4 and the central
(3-valent) point in the other copy of My 4 (this is the point corresponding to the 4-valent
vertex adjacent to the leaf marked by k). Thus the balancing condition holds trivially in
this case.

Near the faces of the second type the moduli space My, is locally a product of Mg 5
and R"°. As in the proof of Theorem 1 each double ratio decomposes to the sum
of the corresponding double ration in Mg s (perhaps trivial if two of the markings for
the double ratio correspond to the same edge adjacent to the 5-valent vertex) and an
affine-linear function in R®~°. Thus it suffices to check only the balancing condition for
the W-divisors in Mg 5. This example is considered in details in the next section. The
balancing condition there follows from Proposition 4.1. (I

Conjecturally, the tropical W-divisors are limits of some natural representatives of the
divisors for the complex 1-classes under the collapse of the complex moduli space onto
the corresponding tropical moduli space My ,. Note that our choice for the tropical
W-divisor is not contained in the boundary aﬂo,n - ﬂo,n (cf. the calculus of the
complex boundary classes in [2]), but comes as a closure of a divisor in M.
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4. The space ﬂ[}ﬁ

We have already described the moduli space My 4 as the tripod of Figure 1. It has
only one 0-dimensional face O € My 4. This point (considered as a divisor) coincides with
the divisors ¥; = Wy = W3 = W,. The description of My 5 is somewhat more interesting.

There are 15 combinatorial types of 3-valent trees with 5 marked leaves. If we forget
about the markings there is only one homeomorphism class for such a curve (see Figure
3). To get the number of non-isomorphic markings we take the number all possible
reordering of vertices (equal to 5! = 120) and divide by 23 = 8 as there is an 8-fold
symmetry of reordering. Indeed there is one symmetry interchanging the left two leaves,
one interchanging the right two leaves and the central symmetry around the central leave
of the 3-valent tree on top of Figure 3.

1 5 1 5

FIGURE 3. Adjunction of combinatorial types corresponding to the
quadrant connecting the rays (45) and (12).

Thus the space My 5 is a union of 15 quadrants ]R2>0. These quadrants are attached
along the rays which correspond to the combinatorial types of curves with one 4-valent
vertex. Such curves also have one 3-valent vertex which is adjacent to two leaves and the
only bounded edge of the curve, see the bottom of Figure 3. Such combinatorial types are
determined by the markings of the two leaves emanating from the 3-valent vertex. Thus

we have a total of (g) = 10 of such rays.
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(12)

FIGURE 4. The link of the origin in Mg 5.

The two boundary edges of the quadrant correspond to contractions of the bounded
edges of the combinatorial type as shown on Figure 3. The global picture of adjacency of
quadrants and rays is shown on Figure 4 where the reader may recognize the well-known
Petersen graph, cf. the related tropical Grassmannian picture in [7]. Vertices of this
graph correspond to the rays of My 5 while the edges correspond to the quadrants. Thus
the whole picture may be interpreted as the link of the only vertex O € Mg 5 (the point
O corresponds to the tree with a 5-valent vertex adjacent to all the leaves).

To locate the Wy-divisor we recall that the kth leaf has to be adjacent to a 4-valent
vertex if it appears in Wy. This means that Wy, consists of 6 rays that are marked by pairs
not containing k.

Proposition 4.1. The subcomplex V), C Mg 5 is a divisor.

Proof. Since the whole My 5 is Ss-symmetric it suffices to check the balancing condition
only for ¥;. The embedding My s C R is given by the double ratios, so it suffices to
check that for each double ratio function the sum of its gradients on the six rays of ¥y
vanishes.

If the double ratio is determined by two pairs disjoint from the marking 1, e.g. by
{(23), (45)} then its restriction onto the six rays of ¥, is the same as its restriction to
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the three rays Mg 4 taken twice and thus balanced. Namely its gradient is 1 on the rays
(24) and (35); —1 on the rays (25) and (34); and 0 on the rays (23) and (45).

If the four markings of the double ratio contain the marking 1 then thanks to the
symmetry we may assume that the double ratio is given by {(12),(34)}. It vanishes on
the rays (34), (35), (45) and (25); it has gradient +1 on the ray (24) and the gradient —1
on the ray (23). Once again, the balancing condition holds. O

As our final example of the paper we would like to describe explicitly the universal
curve

fts : M0,5 — M074.

This is presented on Figure 5. Once again, we interpret the Peterson graph as the link L

FIGURE 5. The three fibers and four sections of the universal curve

fts : M075 — M074.

of the vertex O € M 5. Similarly, the link of the origin in M 4 consists of three points.
Thus L is the union of the fibers of ft5 (away from a neighborhood of infinity) over these
three points and four copies of a neighborhood of the origin in Mg 4 corresponding to the
four sections o1, 02, 03 and o4 of the universal curve. Figure 5 depicts the fibers in L
with solid lines and the sections with dashed lines.
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Exploded fibrations

Brett Parker

ABSTRACT. Initiated by Gromov in [1], the study of holomorphic curves in symplec-
tic manifolds has been a powerfull tool in symplectic topology, however the moduli
space of holomorphic curves is often very difficult to find. A common technique is to
study the limiting behavior of holomorphic curves in a degenerating family of complex
structures which corresponds to a kind of adiabatic limit. The category of exploded
fibrations is an extension of the smooth category in which some of these degenerations
can be described as smooth families.

The first part of this paper is devoted to defining exploded fibrations and a slightly
more specialized category of exploded T fibrations. In section 6 are some examples
of holomorphic curves in exploded T fibrations, including a brief discussion of the
relationship between tropical geometry and exploded T fibrations. In section 7, it
is shown that exploded fibrations have a good intersection theory. In section 8, the
perturbation theory of holomorphic curves in exploded T fibrations is sketched.

1. Introduction

A symplectic manifold is a manifold M?" with a closed, maximally nondegenerate two
form w, called the symplectic form. Every manifold of this type has local coordinates
(z,y) € R™ x R™ in which the symplectic form looks like Y dx; A dy;. For this reason
symplectic manifolds have no local invariants, and the study of symplectic manifolds is
called symplectic topology.

One of the most powerfull tools in symplectic topology is the study of holomorphic
curves. Given a symplectic manifold (M,w), there is a contractible choice of almost
complex structure J on M which is tamed by w in the sense that w(v, Jv) > 0 for any
nonzero vector v. With such a choice of J, a holomorphic curve is a map

f(8,5) — (M, J)
from a Riemann surface S with a complex structure j so that df o j = Jodf. (These are
sometimes called pseudoholomorphic curves because (M, J) is not a complex manifold.)
The energy of a holomorphic curve is |, g f*w. In [1], Gromov proved that the moduli
space of holomorphic curves with bounded genus and energy in a compact symplectic
manifold is compact. The moduli space should also be ‘smooth’ in some sense, and an

Key words and phrases. holomorphic curves, symplectic topology, log structure, tropical geometry,

exploded fibrations, adiabatic limit.
This research was partially supported by money from the NSF grant 0244663.
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isotopy of J gives a compact cobordism of moduli spaces. This allows the definition of
Gromov Witten invariants of a symplectic manifold which involve counting the number
of holomorphic curves with some constraints.

The sense in which the moduli space of holomorphic curves is ‘smooth’ is not the usual
definition. Usually a smooth family of maps corresponds to a pair of smooth maps

F—C—M

where C' — F' is a surjective submersion. The individual maps in this family are the
maps of the fibers of C — F' into M.

The moduli space of holomorphic curves includes families of holomorphic curves in
which a bubble forms

20— &0

This change in the topology of the domain can not take place in a connected smooth
family of maps, so if the behavior above is to be considered ‘smooth’, we need a new
definition. This is one indication that the category of smooth manifolds might not be the
natural category to describe the theory of holomorphic curves.

A second reason to try to find an extension of the smooth category with a good theory
of holomorphic curves is that holomorphic curves are in general difficult to find in the
non algebraic setting. Many techniques for finding holomorphic curve invariants involve
degenerating the almost complex structure J in some way so that holomorphic curves
become easier to find in the limit. We will now see two types of degenerations which
can be considered as cutting a symplectic manifold into smaller, simpler pieces in order
to compute holomorphic curve invariants. These degenerations do not have a smooth
limit in the category of manifolds, however they can be considered as ‘smooth’ families
of exploded fibrations.

One example similar to the formation of the bubble shown above is the degeneration of
almost complex structure used in symplectic field theory to break a symplectic manifold
apart along a hypersurface. This is described in [2].

Suppose we have a hypersurface S C M with a collar neighborhood equal to (0,1) x S.
Denote by t the coordinate for (0,1), by X; the Hamiltonian vector field generated by ¢
so that w(Xt, ) = dt. Suppose also that the vector field X; on S and w(%, -) are both
independent of t. We can choose an almost complex structure J tamed by w which is
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independent of ¢, so that JX; = %, and which preserves the kernel of w(%, -) restricted
to S.

A\ 4 S % (0,1)

We can then choose a degenerating family of almost complex structures J¢ on M as
follows. Keep J€ constant on the kernel of w(%, -) restricted to S, and have
_dt 0
~dTe ot
where T(t) is some family of smooth monotone increasing functions on [0, 1] with dd—7: =1
in a neighborhood of 0 and 1 and so that 7¢(0) = log e and T'(1) = 1. From the perspective
of the almost complex structure, J¢ has the effect of replacing our neighborhood (0, 1) x S
with (loge, 1) x S, where the almost complex structure on this lengthened cylinder with
coordinate T is just the symmetric extension of the old J.

J Xy

S x (loge, 1)

Te

A short calculation shows that J€ is still tamed by w. Note that we have a great
amount of flexibility in how the almost complex manifold (M, J¢) wears the symplectic
form w. Different choices of T¢ will concentrate w in different regions of the cylinder.
This is important for being able to tame holomorphic curves in the limit as ¢ — 0.
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Suppose that this hypersurface S separates M into My and M;. In the limit as e — 0,
our almost complex manifold becomes modelled on the manifold with cylindrical ends M,
obtained by gluing (0,00) x S to My, the manifold M; obtained by gluing (—o0,1) x S
to My, or the cylinder R x S. In some sense, the ‘limit’ of this family of almost complex
manifolds should include an infinite number of these cylindrical pieces, because one can
construct a sequence of maps of Z to (M, J¢) so that in the limit, the model around the
image of each point is a cylinder which contains none of the other points.

RxS

We will be able to view this family (M, J¢) as part of a connected ‘smooth’ family of
exploded fibrations which contains an object that has a base equal to the interval [0, 1]
and fibers equal to My over 0, My over 1 and a copy of R x S over each point in the
interior.

- N Rx S Rx S e

R
NS NN N

In section 2, we will describe the exact structure on these fibers, in section 3, we will
describe the structure on the base, and in section 4, we will say exactly how these fit
together. The category of exploded fibrations has a well defined product, so we will also
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be able to deal with degenerations which look locally like products of degenerations of
this type.

If the dynamics of X, satisfy a certain condition (which holds generically), the limit of
J€ holomorphic curves under this degeneration look like a number of holomorphic curves
mapping into the different model fibers which are asymptotic to cylinders over orbits of
X;. The holomorphic curves inside all but a finite number of the cylindrical models over
the interior of the interval consist just of cylinders over orbits of X; which coincide with
the asymptotics of the next nontrivial holomorphic curves in models to the left or right.

o =g —— =)

(- C=
VARV VARV

Such holomorphic curves in exploded fibrations are morphisms in the exploded category
with a slightly weaker ‘smooth’ structure. A special type of exploded fibration where
holomorphic curves are better behaved is called an exploded T fibration. The degeneration
above would give an exploded T fibration if the action of X; was a free circle action. We
will define the category of exploded T fibrations in section 5, and sketch the theory of
holomorphic curves in exploded T fibrations in section 6.

For a second example, consider CP? with the standard coordinates [z, 21, 2], and an
action of T? by [z0, 21, 22] + [20, €717 21, €%2725]. We can choose a symplectic form taming
the complex structure on CP? which is preserved by this T? action. Such an w is of the
form dhq A df;y + dhs A dfs where hy and ho are T? invariant functions. The functions hq
and ho are the Hamiltonian functions generating the action of 6; and #;. The image of
(h1,hs) is called the moment polytope. In the case of CP?, we can choose this to be the
triangle {0 < hq1,0 < hg,5 > hy + ho}. There is a large amount of flexibility in how we
choose hi and hs. In particular, we can make the following choices

(1) hy = log andhgzhg( )on{1§h1§3,h1+h2§4}
(2) hgzlogj—i andh1=h1<%>OH{1§h2§3,h1+h2§4}
(3) hy — hy = log Zl’andh1+h2:(h1+h2)( )

Z2
20

Z1
Z0

2
20
Z122

z2
on {—QShl—hQ < 2,hy + ho 24}
This gives a complex structure with the symmetry over the moment polytope shown
in the figure below.
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=
translation symmetry in J
M,
S x {1 < |z <€’}
>
i Sos x {1< |2 < e}

=
Ml 0 M3

4

5173 X {1 S |Z| S 63}

We will now draw a degeneration of complex structure that could also be applied if we
glued anything into the three regions M, My and M3 in the above picture. As in the
previous example, there is a large amount of flexibility in how this new complex manifold
wears the symplectic structure. We choose some way which doesn’t change in the regions
Ml, MQ and Mg.
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Use old J here
M,
R AN Complete J symmetrically here
------ +—T=
M - = ‘r, M.
' 51,3><{1§|Z|;<_§ ’

Imagine rescaling this triangle to keep it a constant size as we change J. In the limit,
this will give a base for a limiting exploded T fibration. The fiber over each point in this
base will be the local model for what the complex structure looks like around this point
in the limit.
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M,
(C)*
DL
Ml M3

It follows from chapter 3 in [3] that in this limit, the image in the above diagrams
of holomorphic curves with bounded energy and genus will converge to piecewise linear
graphs. Moreover, holomorphic curves converge locally to a collection of holomorphic
maps into the local models which are the fibers in the limiting exploded T fibration.
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The diagram below shows a limiting holomorphic curve, with its image in the base,
and schematic pictures of the holomorphic curves in the local model fibers over the base.

The rest of this paper will be devoted to rigorously defining exploded fibrations and
sketching some of their properties. This will not deal with compactness theorems for
holomorphic curves and the related questions of how symplectic forms are used to tame
holomorphic curves in exploded fibrations.
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2. Log smooth structures and the normal neighborhood bundle

The fibers of exploded fibrations will be log smooth spaces.

One way of thinking of a log smooth manifold is a manifold M with boundary and cor-
ners along with the sheaf of vector fields C*°(1°¢T'M) which are tangent to the boundary
and corner strata. By manifold with boundary and corners, we mean a manifold with
coordinate charts modeled on open subsets of [0,00)". By smooth functions in such a
coordinate chart, we mean functions which extend to smooth functions on R” O [0, c0)™.
The sheaf of vector fields tangent to boundary and corner strata is equal to smooth sec-
tions of a vector bundle '°6T M which we will call the log tangent space. A basis for this
vector bundle in the above coordinate chart is give by {xZ%} This is often called the
b tangent space. The natural objects defined on a manifold with such a structure are
smooth sections of tensor products of °6TM and its dual, '°87*M. These tensor fields
have asymptotic symmetry as they approach boundary and corner strata in the sense that
the Lie derivative of a smooth tensor field in the direction of xia%i approaches 0 like ;.
Analysis on manifolds with this structure has been studied extensively by Melrose and
others. I wish to thank Pierre Albin for explaining this approach to me. The structure we
will describe on log smooth manifolds is the smooth analogue of log structures in algebraic
geometry.

The stratified structure of M will be important. Call each connected component of
the boundary of M a boundary strata. We will consider this strata to be an immersed
submanifold tg : S — M with boundary and corners, which is embedded on the interior
of S. The other strata of M consist of M itself, and the connected components of higher
codimensional corner strata, which are again considered to be immersed submanifolds
ts : S — M which are embedded on their interiors.

We will think of log smooth manifolds as possibly non compact manifolds with an
idea of a smooth structure at infinity so that every boundary strata S corresponds to a
cylindrical end at infinity NgM, called the normal neighborhood bundle of S.

Definition 2.1. Given an open subset U C M and an open set Ug C S inside a boundary
strata g : S — M, a boundary defining function on U defining Ug is a smooth function
x: M — [0,00) so that

{3;‘_1(0)} = Ls(Us) cCM

and dx is nonvanishing near S.

Definition 2.2. Given an open set U C M, a log C* function f € 1°8C*(U) is a function
defined on the interior of U so that

fi=g+) ailog(x)

where z; are boundary defining functions on U, a; € Z, and g € C*(U).
This defines a sheaf on M of log C* functions, which we denote by °¢C* (M)

Definition 2.3. A log C* map between log smooth manifolds
f:M— N
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is a continuous map f so that the pull back of the sheaf of log C* functions on N is
contained in the sheaf of log C* functions on M.

f* (logck(N)) C logck(M)

We want to now enlarge the log smooth category to include integral affine bundles over
log smooth manifolds.

Definition 2.4. An integral affine structure on a manifold M" is a Z"™ lattice inside T, M
for each x € M which is preserved by some flat connection.

(By an integral Z™ lattice, we mean the image of some proper homomorphism Z" —
T.M.)

An integral vector in T, M is a vector in this integral lattice. A basic vector in T, M is
an integral vector which is not a multiple of another integral vector.

An integral affine map f: M™ — N" between integral affine manifolds is a smooth
map so that df sends integral vectors to integral vectors.

We will regard a log smooth function as a log smooth map from M to R with the
standard integral affine structure given by the lattice Z C TR. A log smooth map
f: M — RF with the standard integral affine structure given by Z*¥ c TR is given by
(fla ceey fk) where fl € logCOO(M)'

Definition 2.5. An integral affine R¥ bundle M over a log smooth manifold S is a
fibration

RF — M
7
S

so that there exists an open cover U, of S so that 7! (Ua) = R* x U, and transition
functions on U, N Ug are of the form

(z,5) = (A(z) + f(5), 5)

where f: U, NUg — R¥ is a log smooth map and A is an integral affine automorphism
RF — RF,

We will call integral affine bundles over log smooth manifolds log smooth spaces. A
strata of a log smooth space is the pullback of this bundle to a strata of the base.
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Definition 2.6. A log C* function f € '°2C*(M) on a log smooth space M which is an
integral affine R™ bundle is a function defined on the interior of M so that in any local
product neighborhood R" x U C M

[z u) = A(z) + g(u)
where A : R” — R is given by an integer matrix and g € °6C*(U).
Definition 2.7. A log C* map between log smooth spaces
f:M—>N

is a continuous map from the base of M to the base of N which lifts to a map from the
interior of M to the interior of N so that the pull back of the sheaf of log C* functions
on N is contained in the sheaf of log C* functions on M.

f* (logck(N)) C logck(M)

A log smooth vector field on a log smooth space, v € C* (1°gTM) is a smooth vector
field which is tangent to the boundary strata and invariant under local affine translation
of the fibers. These are smooth sections of the log tangent bundle '°27'M invariant under
local affine translation. Log smooth isotopys of M are generated by the flow of log smooth
vector fields.

The fact that the flow of log smooth vector fields preserves boundary strata has the
consequence that we can not naturally identify a neighborhood of a boundary strata with
the log normal bundle. Instead, we have a naturally defined affine bundle called the
normal neighborhood bundle which has an action of the log normal bundle on it.

Definition 2.8. The normal neighborhood bundle A, M over a point s € M is the space
of functions v, called evaluations

v 1 18C®(M) — R
so that
vs(f) = f(s) if f(s) is defined
Vs(f+g) = Vs(f) + Vs(g)

If 5 is in a codimension k& boundary or corner strata given locally by the vanishing of
boundary defining functions x1, ..., z, then Ny M is an integral affine space equal to R”.
This identification is given by v — (v(z1),...,v(xg)).

Any log smooth function f induces a function on the normal neighborhood bundle
called its restriction by f(vs) := vs(f).

Definition 2.9. The normal neighborhood bundle of a codimension k strata S C M,
Ns(M) is a log smooth R* bundle over S with interior given by evaluations v, € N'M so
that s is in the interior of S. The sheaf of log smooth functions on NgM is given by the
restriction of the sheaf of log smooth functions on M in the sense that f is log smooth
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on U C NgM if there exists an open set U C M which contains the projection of U to S
and a log smooth function f defined on U which restricts to f.

Definition 2.10. An outward direction in NgM is a direction in which the evaluation
of any boundary defining function for S decreases.

This is called ‘outward’ because if we use NgM to give coordinates on a neighborhood
of S C M, these directions move out towards the strata S which we consider to be out
at infinity.

When all strata tg : S — M are injective, NgM is easier to describe. In this case, S
is defined by k boundary defining functions z; ...z, and NgM is equal to R¥ x S with
coordinates (v1,...,Vx,s). The restriction of log(z;) to NgM is given by the coordinate
function v;. This means that for g € 1°2C°°(M) defined on the interior of S, the restriction
of g(z,s)+Y a;log(z;) is given by ¢g(0, s)+ > a;v;. An outward direction in this situation
would be any direction that preserves the coordinate s and is negative in the first k
coordinates.

One trivial example of a normal neighborhood bundle is N3y M = M.

Lemma 2.1. Given a log smooth map f : M — N, there is a natural map of normal
neighborhood bundles

f:NM — NN
defined by

fw)(g) =vigof)
Also, if the interior of a strata S C M is sent to the interior of a strata 8" C M, then
this is a natural map called the restriction of f to NsM which is a log smooth map

f :NsM i NS/N

Proof. The naturality of this map is clear from the definition. We must check that the
induced map f : NgM — Ng N is log smooth.

First, note that there is a unique continuous map S — S’ which is equal to f on
the interior of S. This gives the continuous map on the base of NgM. To see that the
pullback of log smooth functions on Ng/N are log smooth, note that they come locally
from the restriction of log smooth functions g € C*°(N), so our function is locally v(g).
Pulling this back via f gives the function v(go f). But f : M — N is log smooth, so
g o f is log smooth, and therefore the restriction v(g o f) must also be log smooth.

O

In particular, the action on M given by the flow of a log smooth vector field lifts to an
action on A'M. Differentiating this action gives a lift of log vector fields M to vector fields
on N'M. This lift preserves the Lie bracket, addition of vector fields and multiplication
by functions. It sends nonzero log smooth vector fields to nonzero vector fields.

64



Exploded fibrations

Definition 2.11. A log smooth morphism
f:M—N
is a log smooth map
f:M— NsM
for some strata S C M.

This finally defines the category of log smooth spaces. We will keep the distinction
between log smooth maps and log smooth morphisms.

3. Stratified integral affine spaces
The base of our exploded fibration will be a stratified integral affine space.

Definition 3.1. A stratified integral affine space is a finite category B associated to a
topological space |B| with the following structure

(1) Objects are integral affine strata B]]jc with integral affine boundary and corners, so
that each point in B]’? has a neighborhood equal to an open set in R™ x [0, oo )k—m

with the standard integral affine structure.
(2) Morphisms are integral affine inclusions

L;Bm<—>Bj’?

(2

so that each connected affine boundary or corner strata of B;€ is the image of a
unique inclusion. These inclusions and the identity maps are the only morphisms.
(3) The space |B| is the disjoint union of strata quotiented out by all inclusions.

B | B
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Definition 3.2. A stratified integral affine map from one stratified integral affine space
to another

f:B—C
consists of
(1) A functor
F:B—C
(2) Integral affine maps
f: B — F(BY))

so that the interior of strata in B is sent to the interior of a strata in C' and so

that
fori=F()of
This induces a map on the underlying topological spaces
f1Bl —|C]

4. Exploded fibrations

Definition 4.1. An exploded fibration 9B has the following structure.
(1) A stratified integral affine base B
(2) A fibration over each strata %? — BJ’.C with log smooth fibers

My :==T,Bf x Wp~*

which are integral affine Tbe bundles. The identification of M, as a product is

not canonical, however the action of Tij’.C is well defined.
(3) A flat connection on each fibration EB? so that parallel transport gives log smooth

isomorphisms compatible with the action of TB;»C and affine parallel transport.
(4) For each inclusion ¢ in B, there is a dual log smooth morphism,

LJr : ML(b) — Mb
so that
(a) For some strata S C My, i is a log smooth isomorphism

LJr : ML(b) —>N5Mb

e Induced action of 1), on NghMy 1s compatible with dv in the sense
b) The induced i f T, B NsMy i ible with d¢ in th
that the induced action of di(v) is equal to the action of v. The action of a

vector in 7T}y B which points towards the interior of the strata moves Ng M,
outwards.

(c) Every strata of My is the image of a unique isomorphism +f.
(d) (now) =ifod

(e) The isomorphisms ¢ are compatible with parallel transport.
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Note that this definition assumes that the normal neighborhood bundles NgM, are
trivial. This is a global condition. If it is removed, then the base becomes an orbifold
version of a stratified integral affine space and the fibration over each strata is a kind of
Seifert fibration.

Definition 4.2. A morphism f : B — € is given by

(1) A stratified integral affine map of bases f: B — C.
(2) Log smooth maps

fb . Mb e Mf(b)

(a) equivariant with respect to the action of T, B and df
(b) compatible with the isomorphisms ¢! in the sense that

foo I = F(L)T o fL(b)
(¢) compatible with parallel transport within strata.

Definition 4.3. A morphism f: 98’ — B is a refinement if

(1) the map on bases f : |B'| — |B] is a homeomorphism and df is an integral affine
isomorphism onto its image

(2) the maps of fibers f, : My, — My, are diffeomorphisms of the interior of Mj to
the interior of My, .

4.1. Coordinates

Definition 4.4. A log smooth coordinate chart on a log smooth space M which is an
integral affine R™ bundle is an open subset U C M and log smooth functions z; €
log 022 (7)), so that
(1) e~ give smooth coordinate functions for U.
(2) {dx1,...,dx,,} restricted to R™ fibers provide a dual basis for the integral affine
structure. Call these the affine coordinate functions.
(3) x; for i > m are R™ invariant.
(4) {e~®m+1 ... e"*m++} are boundary defining functions which define the bound-
aries of U. Call x; boundary coordinate functions for m < i < m + k.
(5) x; for i > m + k are called the smooth coordinate functions.

Another way to say this is that log smooth coordinates on U are induced by a log
smooth map U — R™ x ([0,00)* x R") which is an isomorphism onto its image. The
coordinate functions of R give the affine coordinates, the boundary coordinate are given
by — log of the coordinate functions of [0,00)*, and the smooth coordinate functions are
the coordinates of R"™.

The following lemma follows directly from the definition of log smooth maps.
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Lemma 4.1. A map defined on the interior of a log smooth space is log smooth if and
only if the following hold

(1) The pull back of affine coordinate functions are log smooth functions, which means
that they are integral sums of affine and boundary coordinate functions and a
smooth function depending on smooth coordinates and boundary defining func-
tions.

(2) The pull back of any boundary coordinate function consists of a positive integral
sum of boundary coordinate functions, and a smooth function depending on smooth
coordinates and boundary defining functions.

(3) The pull back of any smooth coordinate function consists of a smooth function
depending on smooth coordinates and boundary defining functions.

Given a log smooth coordinate chart over U we can canonically associate an exploded
fibration called the explosion of U, Expl(U). The base of Expl(U) is a cone inside the
integral affine space R™** given by the subset where y; > 0 for m < i < m + k. Let
Ic{m+1,...,m+k} be some subset of the boundary indices and S; the strata defined
by {e™% = 0,i € I}. The fibers over the set where {y; > 0,7 € I} is Ng,U. We can
restrict our log smooth coordinate chart on U to Ng,U. This changes the boundary
coordinates x; into affine coordinates for ¢« € I. The action of a base tangent vector
> aia%i on a fiber is given in these coordinates by x; — z; + «;.

The construction of Expl(U) is natural in the sense that given any log smooth map
U, — U there is a natural map Expl(U;) —Expl(Uz). This tells us that there is a
natural construction of of Expl(M) for any log smooth manifold M.

Definition 4.5. The exploded fibration $R™ is defined as the standard fibration with base
R™ and fibers all equal to R™.

Definition 4.6. An exploded coordinate chart i on B is a pair of smooth exploded
morphisms
H—B

!
mn

which, when restricted to any fiber of 8 give a log smooth coordinate chart in a suitable
choice of basis for R™.

Definition 4.7. An exploded fibration % is covered by exploded coordinate charts 4l if
the log smooth coordinate charts obtained by restricting i, cover every fiber.

Note that things defined by patching together exploded coordinate charts may fail to
have the global property that the fibers are trivial affine bundles. Otherwise, they will
always be exploded fibrations.
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4.2. Refinements and blowups

In this section, we will show that any subdivision of the base of an exploded fibration
defines a unique refinement. This will also be used later when we explore the intersection
theory of exploded fibrations. The construction will be natural, so we will work in local
coordinate charts on the fibers.

Given the explosion Expl(U) of some log smooth coordinate chart, we will now con-
struct a refinement Expl(U) —Expl(U) for any integral subdivision of the base into a
union of cones. We will use this as a local model for refinements.

A cell of this subdivision will be of the form {y - «; > 0} for some collection of «;
which form an integral basis for some subspace RFt! ¢ R™**. Any other cell is given by
{y- oy > 0} where {a;} form a different basis for the same subspace R**! C R™**. Each

new cell will correspond to a new log smooth coordinate chart U1*} with coordinates

{IIJ'Bl,...,l"ﬁm_l,.’b-al,...,x-Ozk+l,l‘m+k+1,...}

Here {;,a;} form an integral basis for R™*+k. gz . 3, are the affine coordinate func-
tions, x - ; are the boundary coordinate functions, and the remaining x; are the smooth
coordinate functions.

The domain of definition of these coordinates, U{®:}, is considered to extend to bound-
aries where e 7% = (. In essence, the new log smooth coordinates are the old ones with a
relabeling of what is considered to be a boundary coordinate function or affine coordinate
function. This operation is a blowup which creates new boundary components. Each new
edge {a; =0, for j # i} of a cell {e; -z > 0} corresponds to a new boundary component
so that the boundary coordinate function is given by «; - ¢ and the remaining coordinate
functions give coordinates on the boundary.

The intersection of two of these new coordinate charts include the interiors of the
charts and the boundaries corresponding to common edges. The restriction of log smooth
coordinates to this intersection changes the role of the other boundary defining functions
to smooth coordinate functions. A transition map on this intersection between two sets of
coordinates then sends affine coordinate functions to affine coordinate functions, bound-
ary coordinate functions to boundary defining functions plus some smooth coordinate
functions, and smooth coordinate functions to integral combinations of smooth coordi-
nate functions. As such they are log smooth. Patching these coordinate charts together
gives a log smooth blowup U — U . Due to the naturality of the explosion construction,
this gives a refinement Expl(U) —Expl(U).

Lemma 4.2. Given any refinement [ : B’ — B, any log smooth coordinate chart U on
a fiber My, of B lifts as above to U= fb_l(U).

Proof. We need to show that for any log smooth coordinate chart U on M), U o} gives

a log smooth coordinate chart on f;l(U) C My, where Ut} is the blowup of coordinate
charts given by a cell of the subdivision of the base in the notation above. Moreover, we
need to show that the collection of sets U{%} from all cells covers Iy U.
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The proof is by induction. This holds for fibers that have no boundary coordinates, as
then f is a diffeomorphism and preserves the integral affine structure on fibers, so it is a
log smooth isomorphism, and U{®} = U.

Suppose that the lemma holds for fibers of B’ with strata of codimension less than k.

Let M, be a fiber of B’ with strata of codimension less than or equal to k, and let U
be a coordinate chart on My ;). The subdivision of the base B gives a subdivision of the
base of Expl(U). Choose a cell of this subdivision given by {a; > 0}. We must show that
Ut} gives a log smooth coordinate chart on Mj.

Let I be a proper subset of the indexes of {«;}, St C Mj, and ¢f the corresponding strata
and base inclusion. Denote the restriction of U to J\/f(SI)Mf(b) by Ur. Ns, My = M, , @

only has strata of codimension less than k so the inductive hypothesis holds and U I{a”g}

is a log smooth coordinate chart on Ng, M}, = M, ). This chart UI{O”’ZEI} is also the
restriction of U@} to Ns, My, so we have that the restriction of Ulei} to the normal
neighborhood bundle of any boundary strata gives log smooth coordinates. We also
have that the restriction of all such U{*} to normal neighborhood bundles covers the
restriction of f,~ Y(U) to the normal neighborhood bundle. Therefore the sets U{®} must
cover f~1(U) because each one covers the interior, and together they cover the boundary
strata.

Let’s now check that the axioms of a log smooth coordinate chart are satisfied by U3
First, all coordinates are log smooth functions because f is a log smooth map, and the
coordinates are just pullbacks of integral sums of log smooth functions.

Item 2 is satisfied, as our choice of fiber coordinate functions is just the pullback of a
subset of the fiber coordinate functions on the target, f; is equivariant with respect to the
action of the tangent space of the base and df, and df is an integral affine isomorphism
onto its image.

Item 3 is satisfied. The boundary coordinates x - o; are constant on fibers because f
is equivariant and the «; are orthogonal to the fiber directions. The smooth coordinates
are just pullbacks of smooth coordinates, so they too are constant on fibers.

Item 4 is satisfied. e~ ¢ is a boundary defining function because it is log smooth, and
restricts correctly to the normal neighborhood of the boundary it defines.

Item 1 is satisfied. This is because the coordinate functions are log smooth, give smooth
coordinates on the interior of U{®}, their restrictions to normal neighborhood bundles
give smooth coordinate functions, and e™* % are boundary defining functions.

Item 5 is an empty condition, so U1} is a log smooth coordinate chart and the lemma
is proved.

O

Proposition 4.3. Given a morphism f : 8 — € and a refinement ¢ — € so that the
map of bases f : B — C lifts to a map f : B — C’, there exists a unique lift f : B — &
of f to a morphism to €.
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Proof. Refinements are diffeomorphisms on the interiors of fibers, and log smooth maps
are determined by their restriction to the interior, so uniqueness is automatic. We just
need to check that the maps given by f, = f, restricted to the interior of M, are log
smooth and satisfy the compatibility requirements for exploded fibrations.

To show that fb is log smooth, we use the criteria from Lemma 4.1 and the local normal
form for refinements from Lemma 4.2.

Affine coordinates on the blowup M, are a subset of affine coordinate on M., so criterion
1 is automatically satisfied. Smooth coordinates for M, in the normal form from Lemma
4.2 are just smooth coordinates from M., so criterion 3 is also automatically satisfied, so
we just need to study the pull back of boundary coordinate functions.

The fact that f is log smooth tells us the following: the pull back under f of boundary
coordinate functions on M, are integral sums of affine and boundary coordinates plus
a smooth function depending on boundary defining functions and smooth coordinates.
The exact combination of affine and boundary coordinates is determined by the map
f : B — C on bases. The requirement that f lifts to the subdivision C’ is equivalent
to this combination being a positive combination of boundary coordinates, which tells us
that f satisfies criterion 3, and is therefore log smooth.

The fact that f is compatible with parallel transport follows from the fact that f is
compatible and f and f are equal on the interiors of fibers. Also, restricted to interiors,
fou=fouif = F)fof= F(L)T o f, so f is also compatible with the inclusions ¢f and
f is an exploded morphism.

|

Theorem 4.4. Given an exploded fibration B and a stratified integral affine map
f:B — B

so that f is a homeomorphism and df is an integral affine isomorphism onto its image,
there exists a unique refinement f : B’ — B with base f : B’ — B.

Proof. First, Proposition 4.3 tells us that this refinement is unique up to isomorphism.
To show the existence of a refinement, note that any exploded fibration is locally
modelled on Expl(U) for some log smooth coordinate chart U. Given a subdivision, we
constructed a refinement Expl(U) —Expl(U). This is a local model for our refinement.
These refinements so constructed must coincide on the intersection of their domains of
definition due to the uniqueness of refinements from Proposition 4.3, so these local refine-

ments patch together to a global refinement.
|

5. Exploded T fibrations

Exploded T fibrations can be thought of as exploded fibrations with extra torus sym-
metry so that instead of fibers being R¥ bundles, fibers are (C*)* bundles. We will first
describe the analogue of log smooth spaces in this setting.
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5.1. Log smooth T spaces

A log smooth T manifold is a connected smooth manifold M locally modeled on
CF x R™*?* with the following sheaf of log smooth T functions.

Definition 5.1. A log smooth T function f € IOTgCoo((Ck: x R"~2%) is a map
fr (C*)k « RP—2k C*
f=20" 20k
for o € Z, and g € C*°(C* x R"~2* C*)
Definition 5.2. A log smooth T manifold M is a smooth manifold M along with a sheaf
of log smooth T functions 1‘{TgC’OO(M), where if U C M is an open subset, f € TC*®(U) is
some C* valued function defined on a dense open subset of U.

This must satisfy the condition that around any point in M, there exists a neighborhood
U and a diffeomorphism ¢ : U — CF x R"~2¥ 5o that

¢* (l%gcoo((ck « Rn—2k)) _ I?Egcoo(U)

Definition 5.3. A smooth function z: U C M — C is a boundary defining function if
dz is nonzero when z is zero, and z € 'S2C>(U)

Definition 5.4. A strata S — M is a connected properly immersed submanifold of M
which is given locally by the vanishing of some number of boundary defining functions,
and which is embedded on a dense subset of S.

The interior of a strata S is the strata minus all substrata.

Note that each point in M is in the interior of a unique strata.
With log T functions defined, other definitions are analogous to the definitions in the
log smooth case.

Definition 5.5.
f:M—N
is a log C* T map if it is continuous, sends the interior of M to the interior of N, and
£ (Eeta) < Eet o
Definition 5.6.
A log smooth T space is a (C*)" bundle
C€)" —M
|7
S

over a log smooth T manifold S.
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In particular, there exists an open cover {U,} of S so that 7~U, = (C*)" x U, and
transition functions are of the form

(2,8) = (¢(2)f'(s), s)
where
o f1:U,NUg— (C*)" is a product of log smooth T functions,
e and ¢ : (C*)" — (C*)" is a group isomorphism.

A C* valued function f is in '9%8C*(C* x S) if f = 2™g where g € '9¥C*(S) and m € N.
Using this inductively defines the sheaf of log smooth T functions on (C*)™ x S, and then
using this locally defines the sheaf of log smooth T functions on a log smooth T space M
which is a nontrivial (C*)" bundle.

Definition 5.7.
f-M— N
is a log C* T map between log smooth T spaces if it projects to a log C* T map on the
bases of M and N , and
£ (Eeta) < Eet o
Definition 5.8. The normal neighborhood bundle over a point s € M, N M is given by
the space of evaluations vy : '96C(M) — C* so that

vs(f) = f(s) if well defined

Vs(fg) = Vs(f)l/s(g)
Definition 5.9. The normal neighborhood bundle of a codimension 2k strata S — M
is a log smooth T space which is a (C*)* bundle over S. The fiber in N'sM over a point
s in the interior of S correspond to evaluations vg over s.

If S is locally given by vanishing of boundary defining functions z1, ..., 2, then local
coordinates for NgM are given by (v(z1),...,v(z), s), where the first k coordinates give
coordinates for the ((C*)’C fiber, and s denotes the complimentary coordinates which give
coordinates on S.

Definition 5.10. An outward direction in NgM, is a direction in which the restriction
of any boundary defining function for S decreases.

Lemma 5.1. A log T map f: M — N induces a natural map
fiNM — NN

defined by
fw)(g) =v(feyg)
If f sends the interior of a strata S to the interior of S’, then this gives a log T map

f :NSM — NS/N
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The proof of this lemma is analogous to Lemma 2.1

Definition 5.11. A log T morphism from M to N is a log T map
f:M — NgN
for some strata S € N.

If we take the oriented real blowup of all strata of a log smooth T space, we obtain a
log smooth space. Locally, this involves replacing any torus boundary defining function
z with a log smooth boundary defining function |z| and a smooth coordinate I—; In this
way, we can view any log smooth T space as a log smooth space. Any log T morphism
is still a log morphism, and the normal neighborhood bundle in the log T setting is the
normal neighborhood in the log smooth setting. This allows us to use any concept from
the log smooth setting.

5.2. Exploded T fibrations

We can now define exploded T fibrations analogously to exploded fibrations.

Definition 5.12. An exploded T fibration 8 has the following structure.

(1) A stratified integral affine base B

(2) For each strata Bj’-“7 a fibration %? — Bj’-€ with log smooth T fibers for each
b e BF,

My = (C)* = Wy —2*
These fibers are principal ((C*)k bundles. They have an action of TbB]’~C given in
integral coordinates by (x1,...,xy) acts by multiplication by (e*!,...,e%*).

(3) A flat connection on each of these fibrations %f so that parallel transport gives
log T smooth isomorphisms which are compatible with the action of TbB;-“ and
affine parallel transport.

(4) For each inclusion ¢ in B, there is a dual log smooth T morphism,

LT : ML(b) — Mb
so that
(a) For some strata S C My, ¢ is a log smooth T isomorphism
LJr : ML(b) — NsMb
(b) The induced action of T, B on NgM, is compatible with di. The action of
any vector in 7T, ;) B pointing towards the interior of the strata moves NsM,

in an outward direction.
(c) Every strata of Mj, is the image of a unique isomorphism ¢f.

(1 0u)t =1dou]

(e) These isomorphisms ¢f are compatible with parallel transport within strata.
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As with our definition of exploded fibrations, there is a global assumption that fibers
have a globally defined action of ((C*)k on them. If we patch together exploded T coordi-
nate charts, then we will obtain a more sophisticated version of an exploded T fibration
with an orbifold base and Seifert fibrations over strata.

Definition 5.13. A morphism of exploded T fibrations, f : %8 — € is given by
(1) A stratified integral affine map of bases f: B — C.
(2) Log smooth T maps
fb : Mb — Mf(b)
(a) equivariant with respect to the action of T, B and df
(b) compatible with the isomorphisms ¢! in the sense that

fooll =F@W)To fip

(¢) compatible with parallel transport within strata.

Note that any exploded T fibration is an exploded fibration and that any exploded T
morphism is also a morphism of exploded fibrations.

Refinements are defined the same way as in the log smooth case. The results of section
4.2 hold for exploded T fibrations.

5.3. Almost complex structure

The tangent space T8 of an exploded fibration is an exploded fibration with the same
base and fibers given by T Mj, the log tangent space of fibers of 8. This has a natural
exploded structure because there is a natural identification of Ng'°8T M, with 8T NgM,.
The cotangent space T*B is a similarly well defined exploded fibration. A smooth section
of one of these bundles is a section B — T8 which is a smooth exploded morphism.
This allows us to define things like metrics or complex structures.

Definition 5.14. An almost complex structure on an exploded fibration B is an endo-
morphism J of T8 which squares to minus the identity, given by a smooth section of
T8 ®T*B.

(The tensor product above is over smooth functions on 8 which are smooth morphisms
to the exploded fibration which has a single point as its base and R as the fiber over that
point.)

Definition 5.15. An (almost) complex exploded T fibration % is an almost complex
structure on B considered as an exploded fibration which comes from giving each fiber
M, the structure of a (almost) complex (C*)* bundle over an (almost) complex manifold.

Note that this implies that substrata are holomorphic submanifolds.
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There should be a good theory of holomorphic curves in almost complex exploded
fibrations. In general, we need to consider holomorphic curves which are morphisms of
a weaker type than described above. The theory of holomorphic curve in exploded T
fibrations is better behaved. In this case, holomorphic curves are exploded T morphisms
and when transversality conditions are met, the moduli space has an exploded T structure.

6. Examples of exploded T curves

6.1. Moduli space of stable exploded T curves

Definition 6.1. An exploded T curve is a complex exploded T fibration with a one
dimensional base so that

(1) The base is complete when given the metric that gives basic integral vectors unit
size.

(2) The fiber over any vertex is a compact Riemann surface with strata corresponding
to a collection of marked points.

We will also call a holomorphic morphism of an exploded T curve to a almost complex
exploded T fibration an exploded T curve.

Definition 6.2. An exploded T curve is stable if it has a finite number of automorphisms,
and it is not a nontrivial refinement of another exploded T curve.

We now describe in detail the moduli space of stable exploded T curves (mapping to
a point.)

Consider a Riemann surface ¥, which is the fiber over the point ¢ in the base C' of an
exploded T curve €. This has a number of marked points which correspond to boundary
strata.

If x € ¥, is such a marked point, then we can identify N,X. with T,X. — 0. The
identification is given as follows: If x is locally defined by the vanishing of a boundary
defining function z, a nonzero vector v € T, corresponds to v € N, where v(z) :=
dz(v). (This determines v € N, X, by v(2*g) = (dz(v))*g(x).)

Lemma 6.1. A (stable) exploded T curve is equivalent to a (stable) punctured nodal
Riemann surface with the following extra information at each node:
(1) A lengthl € (0,00)
(2) A node consists of two marked points which are considered to be joined. There is
a nondegenerate C bilinear pairing of the tangent spaces at these points.

The length is the length of the edge joining two marked points. The C bilinear pairing
comes from the identification of normal neighborhood bundles at these points.

Lemma 6.2. Any finite order automorphism ¢ : € — € of a connected exploded T curve
that is trivial on some fiber is the identity.
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Proof. Suppose that ¢ : € — € is such an automorphism. If ¢, is the identity for some
vertex v, then the restriction of ¢, to the normal neighborhood bundle is the identity, so
¢e is also the identity for e any point on an edge connected to v (and ¢ is the identity on
those edges.)

If ¢, is the identity for e some point in an edge, ¢ must be the identity on the edge,
and all fibers on the edge. Suppose that v is a vertex on the end of such an edge.
@y : 2y — 2, must be a finite order automorphism of ¥, that fixes the marked point x
attached to the edge, and that fixes the tangent space T;,3,. The only such automorphism
is the identity. (This can be seen locally, if ¢,(2) = 2z + c2™ + O(2"*1), then the k-fold
composition of ¢, must be z + kcz™ + O(2" 1), so if ¢, is not the identity, then it is not
of finite order.)

|

In particular, the above lemma tells us that the automorphisms of nodal Riemann
surfaces that are unbalanced in the sense that they twist one side of a node more than
the other are not automorphims of exploded T curves. An automorphim such as this lifts
to an isomorphism of an exploded curve with an exploded curve obtained by modifying
the bilinear pairings at nodes. Isomorphims such as this will act like automorphims when
we describe the orbifold structure of moduli spaces of exploded curves.

Definition 6.3. A lifted automorphism of an exploded T curve is an isomorphism of
the exploded T curve to an exploded T curve obtained by modifying bilinear pairings at
nodes.

The lifted automorphisms of an exploded T curve are in one to one correspondence
with a subgroup of the automorphisms of the underlying nodal curve. In the case that
all edges have equal length, the lifted automorphisms correspond to the automorphisms
of the underlying nodal curve.

The moduli space M, ,, of stable exploded T curves with genus g and n marked points
has the structure of an orbifold exploded T fibration. An orbifold exploded fibration has
uniformising charts (4, G) where il is an exploded T coordinate chart, and G is a group
acting on $l.

Uniformising charts for 9, , are constructed as follows: Choose holomorphic uni-
formising charts (U, G) for Deligne Mumford space M, , so that the boundary strata
contained in U consist of the vanishing of {z1,..., z;}, the first k& coordinates of U. This
makes U a log smooth T coordinate chart where {z1,..., 2z} are boundary defining func-
tions. These correspond to k nodes in the curve over z; = --- = z; = 0. Note that the
action of G on U and any transitions between coordinate charts are log T smooth.

Uniformising charts for 9, ,, are then given by the explosion (Expl(U), G). The base
of Expl(U) has coordinates (I1,...,lx) € [0,00)*. The fiber over the strata where I; = 0
for i ¢ I is given by Ng,U where Sy is the strata given by z; = 0 for ¢ € I. The action of
G and transition maps are given by noting that any log smooth T map U; — Us gives
a natural exploded T morphism Expl(U;) —Expl(Us).
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We must now see why points in 9, , (which we will consider to be the image of a
morphism of a point to M, ,,) correspond to exploded T curves. We do this for each uni-
formising chart Expl(U). A point in the strata where [; = 0 for ¢ ¢ I has the information
of a nodal curve corresponding to s € Sy plus an evaluation vy € N,U and lengths [; for
1 € I. These lengths correspond to the length associated to each node. Note that if this
point is the image of a morphism, then I; > 0 for ¢ € I, and these are the only nodes that
our curve has. To describe this as a moduli space of exploded curves, we must also say
how the bilinear pairing of tangent spaces at a node is given by the above choice of an
evaluation vs € N;U.

Recall that there is a universal curve ./\;lg’n+1 — /\;lg’n given by forgetting the point
labeled with (n + 1). This is log T smooth as it is holomorphic and the inverse image
of boundary strata are boundary strata, so we also have a map of normal neighborhood
bundles N M, 41 —> NM,,. If the forgotten point is near the first node, this map
can be given in coordinates locally near z; = 0 by

(2, 27, 20,0 ) = (2 21, 20,0 00)

(where dots are completed with the identity). The curve over the point z; = 0 gives local
coordinates for our node, considered as two disks with coordinates z;” and z; joined over
the points 2" = 0 and z; = 0. We have a map of the normal neighborhood bundle of
the strata where 2z = z; = 0 to the normal neighborhood bundle of the strata z; = 0,
given in our coordinates by the above map, where zf‘ and z; now give coordinates for

the tangent space to our curve at the node. The bilinear pairing in these coordinates is
N

vs(z1)

(517, 21) =

This is independent of coordinate choices, and the choice of pairings for each of the k
nodes is equivalent to the choice of v.

A second way to see the relationship between pairings and v, is to view the pairings as
gluing information. In particular, given the curve over s and choice of coordinates z;", z;~
around its nodes, we can glue these neighborhoods with the help of a small complex
parameter c¢;, identifying

This defines a gluing map C* — U defined near ¢; = 0. Giving C* the strata ¢; = 0,
this map is log T smooth, and the restriction NoC*¥ — N,U is an isomorphism. If the
pullback of v, to MyCF has coordinates (Vs1,y---,Vsk), then the pairing between z:' and

z; is given by

(z+ 2) = 17;

i 07

The above discussion can be summarized in the following lemma.
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Lemma 6.3. The forgetful map
Mg 1 — My

is log T smooth. Given any point p — Mg, the fiber over p is the exploded curve
corresponding to p quotiented out by its automorphisms.

For example, My 3 is a point, and My 4 is equal to an exploded T curve with 3 punc-
tures. A curve in 9y 4 might look like the following curve or a similar one where the
punctures 1 and 3 or 1 and 4 are grouped together.

For each picture of the above type, there is a C* family of curves in 9 4 corresponding
to different identifications of normal neighborhood bundles along the interior edge. The
length [ of this edge gives a coordinate for a strata of My 4. The above observation tells
us that the fiber over each point in this strata is C*. The different pairings of punctures
give 3 such strata. the end [ = 0 of this strata is glued to a strata with curves looking
like the following:
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The curves with a picture such as this form a family parametrized by the complex
structure of the fiber over the central vertex. This gives a strata of M 4 consisting of a
point with fiber equal to My 4 with 3 boundary strata. A picture of 9y 4 is as follows

3
(C*
\ =
9 e
Moy

_ The identification between the normal neighborhood bundles of boundary strata of
My, 4 and the gluing data C* is explained above.
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6.2. Exploded T curves in smooth manifolds

A connected smooth manifold M can be regarded as an exploded T fibration with base
consisting of a point, and fiber over that point being M. If M is given an almost complex
structure, we can then consider holomorphic exploded T curves in M. A holomorphic
exploded T curve in this setting has the information of a nodal holomorphic curve along
with a positive length and a C bilinear pairing of tangent spaces assigned to each node.
This extra information corresponds to exploding the moduli space instead of compact-
ifying it. The exploded T curve is stable if the underlying nodal holomorphic curve is
stable.

6.3. Symplectic sum

Given symplectic manifolds M?™ and M2" along with symplectic submanifolds,
NZ(n—l) N M12n and N2(n—1) N M22n

so that the normal bundle of N in M; is dual to the normal bundle of N in M5, we can
construct the symplectic sum of M7 and Ms over N, My# yMs. The question of how to
find holomorphic curves in M;# yM> in terms of holomorphic curves in My, My and the
normal bundle to N has been answered in [4]. This involves a degeneration of complex
structure which can be viewed as giving the following exploded T fibration.

First choose an almost complex structure on M7 and M, so that N is an almost complex
submanifold, and the normal bundle to N in M; is a complex bundle isomorphic to the
dual of the normal bundle in Ms. M; and My are log smooth T spaces with a single
substrata N. Note that the normal neighborhood bundle Ny M; is equal to the normal
bundle of N minus the zero section.

The exploded fibration has a base equal to the interval [1, 2] with fiber over the strata
1 being M, fiber over the strata 2 being Ms. The fiber over any point in the strata [1, 2]
is equal to Ny My = C* x N. This is identified with Ny M; using the identification of the
normal bundle of N in M; with the dual of the normal bundle of N in M5. Multiplication
by a vector ¢ in the tangent space to [1, 2] corresponds to multiplication by e if the fiber
is viewed as the normal bundle of N in M5, and to multiplication by e™¢ when viewed as
the normal bundle of N in Mj.

6.4. Relationship with tropical geometry

An easy example of an exploded T fibration is TR™, which has a base given by R™ and
fibers given by (C*)". We will now examine holomorphic exploded T curves

f:€ — IR"

At any vertex c in the base C' of € , we have a holomorphic map defined on the interior
of the fiber ..

Je:1Xe — ((C*)”
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The fact that this is a log smooth T morphism implies that this must extend to a mero-
morphic map over punctures. In particular, in local coordinates z around a puncture,

fe(z) = (2Y"q1(2),..., 2% gn(2))
where a; € Z and g; are holomorphic C* valued functions which extend over punctures.
The restriction of f. to the normal neighborhood is then given by

fe(2) = (2%'¢1(0), ..., 2% g, (0))
(The coordinate z in this case is the restriction of the above coordinate to the normal
neighborhood bundle.)
This then defines the fiber maps on the edge attached to this puncture, so if e is a
point on this edge, then

fe(z) = (Zalgl (O)a IR zangn(o))
This has implications for the map f: C' — R”™ of bases. It means that this edge viewed
as oriented away from the vertex ¢ must travel in the integral direction @ := (aq, ..., ay).
If the edge has length I, then the image of the edge is ld.
df restricted to this edge gives a map Z — Z™ given by k — ka. Call this the
momentum of the edge, and & the momentum of the edge exiting the vertex. The sum of
all momentums exiting a vertex is zero. This is because number of poles of a meromorphic
function is equal to the number of zeros. It can be viewed as a balancing or conservation
of momentum condition on the base of a holomorphic curve.

The special case when the base of an exploded curve is a trivalent graph and the fiber
over all vertices is equal to a three punctured sphere is interesting, because most of the
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information in the exploded curve can be read off from the base. In this case, the map of
bases f : C' — R" is called a tropical curve. The technique of counting tropical curves to
get holomorphic curve invariants has been used quite successfully (for example, see [5]).

Definition 6.4. A tropical exploded T fibration is an exploded T fibration in which every
fiber is some product ((C*)k x CP™ % where CP™* is given the log smooth T structure
with boundary strata given by (n — k + 2) generic hyperplanes.

The base of a tropical exploded T fibration is a tropical space. Holomorphic curves in
these tropical exploded T fibrations with tropical domains have bases which are tropical
curves.

7. Fiber product
The category of exploded fibrations has a good intersection theory.
Definition 7.1. Given two exploded morphisms with the same target,
ALl el

f and g are transverse if all the following maps are transverse restricted to the interior of
their domains

M, 1= M, <% My when f(a) = ¢ = f(b)

The fiber product of transverse exploded morphisms is well defined, however it is
sometimes not an exploded fibration of the type we have described up until now. It may
have strata which are locally modeled on open subsets of

{b:0;-b>0} CR"”
where {o;} is some set of integer vectors. There is a correspondingly more permissive
definition of log smooth coordinate charts for fibers.
Theorem 7.1. Suppose that f and g are transverse exploded morphisms,
al.cdm
so that for any pair of strata A;? and B! in the base of A and B so that M, Fo X gy My
is nonempty for some a € A and b € B, the subset {(a,d) : f(a) = g(b)} C A X B is an

integral affine space locally modeled on open subsets of [0, 00)™.
Then there exists an exploded fibration called their fiber product

A FXg B
with maps to A and B so that the following diagram commutes
A FXg B — A

! i)
B — ¢
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and with the usual universal property that given any commutative diagram

D — A
! 1
B — ¢
there exists a unique morphism ® — 2 x4 B so that the following diagram commutes
D — A
LN 7

B — Asx,B

Proof. First, we check the theorem in the case that g is a map of a point into €. In this
case, the image of ¢ is some point ¢ € C' and a point € M, in the fiber over c¢. As x is
the image of a morphism, it must be in the interior of M.. We are interested in f~1(z).

First consider f~1(c). The base of f~!(z) will be made up of copies of strata of f~1(c),
with each strata of f~!(c) appearing a number of times equal to the number of connected
components of f~1(x) over it. Call a strata of f~!(c) empty if f~1(x) is empty over the
strata. We will discard such strata.

Note that for any a € A, f, is transverse to x on the interior of M,. This property
is preserved if we take refinements of 2. We would like f, restricted to the interior of
any strata of M, to be transverse to x. To achieve this, consider a local refinement of
2l coming from a subdivision of A close to a so that the non empty strata of f~1(c) are
strata in the subdivision. (There may be no global subdivision satisfying this, but it is
easy to construct one locally). Note that any morphism ©® — 2 contained in f~!(z)
lifts locally to a unique morphism to the local refinement of 2.

After taking such a refinement, if a € f~!(c) is in a non empty strata, then f, is
constant in any affine direction. Also f, restricted to the interior of any strata S C
M, is transverse to x. This is because f, restricted to NgM must be transverse to
x, but if the interior of f,(S) intersects x, it must be contained in the interior of M.,
and in such a case f, restricted to NgM, is just the pullback of f, restricted to S.
This makes f, !(x) some number of log smooth spaces. Affine coordinates are just the
restriction of affine coordinates on M,, and boundary defining functions are the restriction
of boundary defining functions for strata that f;!(x) intersects. A single boundary of
M, may correspond to several boundaries in f, !(z). Note that f,*(x) does not depend
on the particular choice of local refinement.

If . : a — «(a) is an inclusion in f~!(c) and S is the strata in M, corresponding to ¢,
then

fi;) (z) = (fa‘NsMa)71 (z)

If we take the non empty strata of f~1(c) to be the base of f~1(x), f,(z) to be the
fibers, and restrict parallel transport and isomorphisms ¢! from (the local refinements
of) 2, then f~1(x) satisfies all the axioms of an exploded fibration apart from having
connected fibers. To remedy this, have a copy of each strata of f~!(c) for each fiber
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component, and connect them by inclusions if one fiber is the normal neighborhood of
some strata in the other. This exploded fibration has the required universal property.

Now, we consider the general case of the transverse intersection of two morphisms, f

and g.
Cgver the target € with exploded coordinate charts.
Uy — €
|
RN

Note that f~! (i,) is an exploded fibration, so we can restrict f to f=1 (ty).
On these charts, we can consider

F=g: 1 ¥a) xg7" () — R"

Recall that 2R™ is the exploded fibration with base equal to R™ and fibers all equal to
R™. As f is transverse to g, (f — g) is transverse to the point 0 in the fiber over 0, and
(f —g)7*(0) is an exploded fibration. This constructs f=1 (U,) £x4 ¢! (). This has
the correct universal property because any commutative diagram

D B f_l (ua)
! !
971 (o) — Ua

gives a morphism ® — f~! (U,) x g~ (4,) contained in the inverse image of 0.
Doing the same for all coordinate charts and patching together the result define an
exploded fibration & ¢ x4 B with the required universal property.
O

Note that if f and g are transverse exploded T morphisms satisfying the above condition
on the base, A §x, B is an exploded T fibration.
An important example is given by the forgetfull morphisms
T Mgnt1 — Mg n

This map is a surjective submersion restricted to the interior of each fiber, so any smooth
exploded morphism f : § — 9, ,, must be transverse to .

Definition 7.2. An exploded fibration is complete if any metric on it is complete, and
the base has a finite number of strata, all of which are complete with respect to the
integral affine connection. (A metric on an exploded fibration % is a symmetric, positive
definite, exploded section of T*B ® T*B.)

Definition 7.3. An exploded fibration is compact if it is complete and the base is com-
pact.
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Lemma 7.2. If2A and B are complete and f : A — € and g : B — € are transverse,
then A x4 B is complete. It A and B are compact, then A x4, B is compact.

We now want to say that two exploded morphisms to the same target are generi-
cally transverse. In the smooth case, statements of the following sort can be useful if
f+M — N is transverse to g on the boundary of M and g is proper, then there is a
small isotopy of f fixed on the boundary to a map transverse to g. In this exploded setup,
instead of a boundary, we will have a subset of strata which are closed under inclusion.
This means that if B]]? is inside this subset, then the target of any inclusion of BJ’-c must
be contained in this subset. For isotopies, instead of the unit interval [0, 1], we will have
the explosion of the unit interval, Expl[0, 1].

Lemma 7.3. Given two smooth exploded morphisms,
al.cdm
If A and B are complete, and the strata of A are simply connected, then there exists a
small isotopy
F: Expll0,1] x A — €

so that

(1) the restriction to any fiber of A, Fy : [0,1] x My — Mp(q) is a C> small isotopy.

(2) F(t,-) is independent of t in a neighborhood of t =0 and t = 1, equal to [ when

t 1s small, and transverse to g when t is close to 1.

Moreover, if f is transverse to g on a subset of strata closed under inclusions, then the
isotopy can be chosen to be fixed on those strata.

Proof. We construct the isotopy first over fibers that have no boundary strata and then
extend it over fibers with strata of higher codimension.

If M, has no boundary strata, it is some affine R™ bundle over a compact manifold.
As the isotopy can’t change df, in affine directions, the isotopy is determined by its
restriction to some section of this bundle. Note that to achieve transversality, we can
quotient the target of f, by the directions spanned by df of affine directions. The task is
then to find an isotopy so that the image of this section is transverse to the image of g.
As B is complete, the image of g in this fiber consists of the image of a finite number of
smooth proper maps of manifolds with boundary and corners, so a generic smooth map
is transverse to g and there exists a C*° small isotopy of f, making it transverse to g as
required. (We chose the trivial isotopy if f, is already transverse.)

This isotopy can be extended compatibly via parallel transport to all fibers of 2 that
have no boundary (this uses that the strata of A are simply connected, so there is no
monodromy). Now suppose that the isotopy has been defined compatibly on all fibers
that only have strata of codimension less than k. We now must extend it to an isotopy
on fibers with strata of maximum codimension k.

Suppose that M, is such a fiber. As any strata S of nonzero codimension has substrata
of dimension at most k& — 1, we have defined the isotopy already on NgM,. Viewing our
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isotopy as given by exponentiating some smooth, time dependant vector field, we just
need to extend this vector field over M, . It is defined on the boundary of M, so that it is
continuous, and smooth restricted to any boundary or corner strata. As such it extends to
a smooth vector field on the interior of M,, which can be chosen C*° small depending on
its C*° size on the boundary strata. (One can see locally why this is true: A continuous
function defined the boundary of [0, c0)™ which is smooth on boundary and corner strata
extends smoothly to the interior as follows. Denote by mg the projection to the strata S,
and let o(S) be 1 if S has odd codimension, and —1 if S has even codimension. Then we
can set f:=> 0(9)fons.)

We now have a C* small isotopy of f, that restricts to any nontrivial normal neigh-
borhood bundle to be our previously defined isotopy. As this restriction to the normal
neighborhood bundle is transverse to the image of g near t = 1, and the space of maps
transverse to the image of g is open, this isotopy is transverse to the image of g near
the boundary and ¢t = 1. We can then further modify this isotopy on the interior of
M, to be transverse to g everywhere near ¢ = 1. This isotopy can be chosen C'*° small,
and if f, is already transverse to g and we have chosen the isotopy trivial on the normal
neighborhood bundles of boundary strata of M,, the this isotopy can be trivial.

Thus we can extend the isotopy as required.

O

A very similar statement holds for exploded T fibrations, however there is one small
complication: Expl[0,1] x 2 is not an exploded T fibration. We can define a category of
mixed exploded fibrations which includes fiber products of exploded torus fibrations and
exploded fibrations. The fibers of these are locally modeled on {z%¢ € [0,00)} C C" x R*
where {o;} are multiindices in Z™ which form a basis for some subspace of Z", and log
smooth functions are the restrictions of functions of the form 2*¢g where g is a smooth C*
valued function. The case when the set {«;} spans Z™ corresponds to exploded fibrations,
and the case where this set is empty corresponds to exploded torus fibrations. Definitions
of exploded fibrations using this mixed version of log smooth spaces are the same as our
earlier definitions. The results of section 4.2 and this section apply for this more general
category.

8. Moduli space of smooth exploded T curves

In order to describe the structure on the moduli space of smooth exploded curves, we
will need to use notions from the theory of polyfolds developed by Hofer, Wysocki and
Zehnder in [6].

Definition 8.1. A Frechet splicing core K is the fixed point set of a smooth family of
projections

7 F x [0,00)" — F x [0,00)F

where 7(-, ) gives a projection on the Frechet space F — F and 7(+,0) is the identity.
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A log smooth function f € 1°6C> (F x [0,00)*) is a function defined on the interior of
F x [0,00)* so that

f= Zailogfﬂi +9
where ; € Z and g is a smooth function on F x [0, 00)*.

Definition 8.2. A log smooth Frechet polyfold is a Hausdorff second countable topo-
logical space M along with a sheaf of log smooth functions '°¢C°°(M) so that around
each point p € M, there exists an open set U,, and a homeomorphism onto some Frechet
splicing core ¢, : U, — K C F,, x [0, 1)*» sending p to the fiber over 0 so that

EC(Up) = ¢, (P50 (F, x [0, 00)™))

p is said to be in a strata of codimension k,.

Note that if M is finite dimensional it is simply a log smooth space, as then splicing
cores must be diffeomorphic to F' x [0, 00)¥.

The subset of M consisting of points with codimension k is a smooth Frechet manifold.
For each connected component of these points of codimension k, there exists a unique log
smooth Frechet polyfold S and a continuous map S — M so that the interior of S maps
diffeomorphically to this component. Call all such S the strata of M.

We can define affine R™ bundles over log smooth Frechet polyfolds, log smooth maps,
normal neighborhood bundles and log smooth morphisms exactly as in the finite dimen-
sional case. With this done, the definition of a Frechet exploded fibration is identical to
the definition of an exploded fibration where fibers are log smooth Frechet polyfolds.

We can similarly define Frechet exploded T fibrations.

Definition 8.3. Given a closed 2 form w on the exploded T fibration %, the smooth
exploded T curve f : € — 9B is w-stable if C has a finite number of strata and the
integral of f*w is positive on any unstable fiber X, over a vertex of C.

What follows is a rough sketch of the perturbation theory of w-stable holomorphic
curves.

Conjecture 8.1. The moduli space Em;’ffl(%,w) of w-stable smooth exploded curves in B
with genus g and n marked points has a natural structure of a Frechet orbifold exploded
fibration.

If B has an almost complex structure .J, we can take 0 of a smooth exploded T curve
f: € —B. If j denotes the complex structure on &, this is defined as

~ 1

Of = 5(df +J o df o)
This takes values in antiholomorphic sections of T*€® f*(T%8) which vanish on the fibers
over the edges of €.
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Conjecture 8.2. The space of these antiholomorphic sections has the structure of a
Frechet orbifold exploded fibration €, ,,(B,w), which is a vector bundle over M, (B, w).
The O equation defines a smooth section of this vector bundle.

Eyn(B,w)
1o
W;%(%,w)
Conjecture 8.3. The section 0 is ‘Fredholm’ in the following sense: There is a cover of

My (B,w) by exploded coordinate neighborhoods (4, G) covered by coordinates (€, G) on
€, n(B,w) so that there exists the following

(1) An identification of U with a coordinate neighborhood in a vector bundle over a
finite dimensional exploded T fibration §

a2y
!
5

(2) An identification of € with a coordinate neighborhood in a fibration
cCcVae

1
5

so that the projection € — i is given by (v,e) — v, and the zero section 4 — &
is given by v — (v,0).
(3) An exact sequence of vector bundles over §

0 —RFxF—e¢e L y—0
so0 that the graph of my o 0 is the diagonal in U & BV

In the non algebraic case, the regularity of maps and identifications in the above
conjecture may be questionable.

The above conjecture says roughly that the intersection theory of @ with the zero
section can be modelled locally on the following finite dimensional problem: first, the
solutions of the equation 7y o @ can be identified with §. O of such a solution then has
values in the R* from the above exact sequence, so we get a map 0 : § — R¥. We are
interested in the transverse intersection of this map with 0.

We would like to take the transverse intersection of 0 with the zero section and obtain
the moduli space of holomorphic curves as a smooth exploded T fibration. The problem
with this is that as we are dealing with orbifolds, we can’t necessarily perturb the zero
section to get it transverse to the zero section. Following [7], we can take a resolution of the
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zero section by a nonsingular weighted branched exploded fibration m — fm;f’fl(%,w),
and then perturb that to be transverse to 0, obtaining a representation of the virtual
moduli space of holomorphic curves inside 27" (B, w) as a smooth weighted branched
exploded T fibration.

Acknowledgments: I wish to thank Yakov Eliashberg, Pierre Albin, Tyler Lawson,
Kobi Kremnizer, Tomasz Mrowka, and Eleny Ionel for helpful conversations and sugges-
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Asymptotically maximal real algebraic hypersurfaces
of projective space
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ABSTRACT. Using the combinatorial patchworking, we construct an asymptotically
maximal (in the sense of the generalized Harnack inequality) family of real algebraic
hypersurfaces in an n-dimensional real projective space. This construction leads to a
combinatorial asymptotic description of the Hodge numbers of algebraic hypersurfaces
in the complex projective spaces and to asymptotically sharp upper bounds for the
individual Betti numbers of primitive T-hypersurfaces in terms of Hodge numbers of
the complexifications of these hypersurfaces.

1. Introduction

In 1876 A. Harnack published a paper [Har76] where he found an exact upper bound
for the number of connected components for a curve of a given degree. Harnack proved
that the number of components of a real plane projective curve of degree m is at most
W + 1. On the other hand, for each natural number m he constructed a non-

singular real projective curve of degree m with w + 1 components, which shows
that his estimate cannot be improved without introducing new ingredients.

It is natural to ask whether there exists a similar inequality for surfaces in the three-
dimensional projective space. This question is known as the Harnack problem. Under-
stood literally, i.e. as a question about the number of components, it has appeared to be
a difficult problem. The maximal number of components is found only for degree < 4.
However Harnack Inequality has been generalized in another way.

Theorem 1.1 (Generalized Harnack Inequality). If X is a real algebraic variety, then
dimy, H,.(RX; Zs) < dimg, H.(CX; Zs), (1)
where RX and CX are the sets of real and complex points of X, respectively.
Since RX is the fixed point set of involution conj : CX — CX, Theorem 1.1, in turn,

is a special case of the following theorem.

Key words and phrases. M-hypersurfaces, Hodge numbers, combinatorial patchworking, tropical
hypersurfaces.
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Theorem 1.2 (Smith - Floyd Inequality). Let X be a topological space, T: X — X an
involution and F the fived point set of 7. Then

dimg, H.(F; Zs) < dimgz, H.(X; Zs).

(See, e. g., Bredon [Bre72]. To avoid a discussion of choice of homology theory, one can
suppose that X and 7 are simplicial.)

Although Theorem 1.2 was first stated by E. E. Floyd [Flo52], all arguments needed
for the proof appeared in earlier works by P. A. Smith, see [Smi38]. Theorem 1.1 was
formulated first by R. Thom [Tho65]. He got the inequality (1) as a corollary of Theo-
rem 1.2. He did not observe however that the inequality (1) gives the best estimates of
dimg, H.(RX; Zs). It was V. M. Kharlamov [Kha72] and V. A. Rokhlin [Rok72] who ac-
knowledged the strength and importance of Generalized Harnack Inequality. They turned
the Smith theory into a powerful tool for studying the topology of real algebraic varieties
([Kha72], [Kha73], [Kha75], [Rok72]).

If X is a nonsingular curve of degree m, then CX is homeomorphic to a sphere with
(m —1)(m —2)/2 = (m? — 3m + 2)/2 handles, and

the right hand side of the inequality (1) is m? — 3m +4. In this case the left hand side
is the doubled number of components of RX. Hence Theorem 1.1 generalizes Harnack
Inequality.

A real algebraic variety for which the left and right hand sides of the inequality (1) are
equal is called an M-variety or a mazximal variety.

In [IV] we proved the following statement.

Theorem 1.3. For any positive integers m and n, there exists a nonsingular hypersurface
X of degree m in RP™ such that

n—1
dimgz, Hy(RX; Zy) = »_ h"9(CX),
q=0

where hP% are Hodge numbers.

In particular, for any positive integers m and n, there exists an M-hypersurface of de-
gree m in RP™. Notice that, for a nonsingular hypersurface X of degree m in CP", one has
Yooz hP4(CX) = h»"=17P(CX) if 2p = n— 1, and Y ;—) hP9(CX) = h»"~1P(CX) + 1
otherwise.

The construction presented in [IV] can be seen as a combinatorial version of the con-
struction mentioned in [Vir79a]. The M-hypersurfaces in [IV] are constructed using the
primitive patchworking. It is a particular case of the combinatorial patchworking, which
in turn is a particular case of the Viro method of construction of real algebraic varieties,
see [Vir83], [Vir84], [Vir94], [Ris92], [Stu94], [IV96], and Section 2 below. The com-
binatorial patchworking provides piecewise-linear models of hypersurfaces. In the case
of the primitive patchworking, these models are nonsingular real tropical hypersurfaces
(¢f. [Mi05]). A nonsingular algebraic hypersurface X in RP™ constructed by means of the
primitive patchworking is called a primitive T -hypersurface.
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Let n be a positive integer, P a real polynomial of degree n in one variable, b a
vector (bg,b1,...,bp—1) in Z", and C a class of algebraic hypersurfaces in RP™. We say

that C satisfies the condition b % P (respectively, b ﬁ P) if there exists a real univariate
polynomial @ of degree n—1 such that, for any hypersurface X in C, one has the inequality
Sonzy b dimg, Hy(RX; Zy) < P(m) + Q(m) (respectively, 30~ b; dimg, H,(RX; Z3) >

P(m) + Q(m)), where m is the degree of X. We say that C satisfies the condition b = P

if C satisfies the both conditions b % P and b § P.
Let B € Z™ be the vector with all the coordinates equal to 1. Since for any nonsingular
hypersurface X of degree m in CP™ one has

(m — 1)+ — (1)

dimg, H.(CX;Zs) = -

+n+ (-1)" !

(see, for example, [Far57]), the Generalized Harnack Inequality implies that the class
n

of all nonsingular algebraic hypersurfaces in RP™ verifies the condition B < 2. We

say that a sequence (X,,)men, where X,, is a nonsingular hypersurface of degree m in

RP", is asymptotically mazimal, if this sequence verifies the condition B = z™, i.e., if
dimz, Hy(RX,n; Zo) = m"™ + O(m"1).
For any integer p =0, ..., n — 1, put

Hy(z) = %(fl)i (n + 1> <x(p +1)—(z—1)i— 1).

2 n
=0

If X is a nonsingular hypersurface of degree m in CP", then H,(m) = h»"~17P(CX) —1
in the case n — 1 = 2p, and Hp(m) = h?"~1~P(CX) otherwise (see [DKh86]).

For any integer p = 0, ..., n — 1, denote by B, the vector in Z" such that all the
coordinates of B, are equal to 0 except the p-th coordinate which is equal to 1.

The main result of the present paper is the following theorem.

Theorem 1.4. For any positive integer n and any integer p =0, ..., n — 1, the class of

n
primitive T-hypersurfaces in RP™ satisfies the condition B, < H,.
Theorem 1.4 immediately implies the following statement.

Corollary 1.5. For any positive integer n, any integer p=20, ... , n—1, and any
asymptotically maximal sequence (X, )men such that X, is a primitive T-hypersurface
of degree m in RP™, the sequence (X, )men satisfies the condition By, Z Hy, i.e.,

dimg, H,(RX,,; Zs) = kP 17P(CX,,) + O(m" ).

Remark 1.1. Asit was shown by B. Bertrand [Ber06], for any primitive T-hypersurface X
in RP™ (the projective space can be replaced by any nonsingular projective toric variety)
the Euler characteristic of RX is equal to the signature of CX.
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Remark 1.2. The statement of Theorem 1.4 (and the statement of Corollary 1.5) be-
comes false if one replaces the class of primitive T-hypersurfaces by the class of all nonsin-
gular algebraic hypersurfaces in RP". For example, there exists an asymptotically maxi-
mal sequence (Y, )men of nonsingular surfaces in RP3 such that Y, is of degree m and
dimz, Ho(RY;n; Zs) = 55m3+0(m?); see [Vir79b] (note that h%*(CY;,) = ¢m3+0(m?)).
More detailed information concerning the asymptotic behavior of Betti numbers of alge-
braic hypersurfaces in RP™ can be found in [Bih03].

The paper is organized as follows. Section 2 is devoted to the combinatorial patch-
working. The key upper bounds used in the proof of Theorem 1.4 are based on the results
of [Sh96, ISh03] and are presented in Sections 3 and 4. These upper bounds together with
a combinatorial description of Hodge numbers of algebraic hypersurfaces in CP? (Corol-
lary 5.2) give a proof of Theorem 1.4. The combinatorial description of Hodge numbers
is proved in Sections 5 - 8. Section 5 contains a construction of an asymptotically max-
imal sequence of hypersurfaces in RP™. This construction is a simplified version of the
construction described in [IV] (the latter construction produces maximal hypersurfaces).
To prove that the constructed sequence of hypersurfaces satisfies the condition B, Z H,,
we present a collection of cycles of these hypersurfaces (Section 6), and prove a recurrent
relation for the Hodge numbers (Section 7).

2. Combinatorial Patchworking of Hypersurfaces in RP"

Let m be a positive integer number (it would be the degree of the hypersurface under
construction) and 7™ (m) be the simplex in R with vertices (0,0, ...,0), (0,0,...,0,m),
0,...,0,m,0),...,(m,0,...,0). We shorten the notation of T7"(m) to T, when n and m
are unambiguous and call T"(m) the standard n-simplex of size m. Take a triangulation 7
of T with vertices having integer coordinates. Suppose that a distribution of signs at the
vertices of 7 is given. The sign (plus or minus) at the vertex with coordinates (i1, ..., %,)
is denoted by o, .. i, -

Denote by T, the union of all the symmetric copies of 7" under reflections and composi-
tions of reflections with respect to coordinate hyperplanes. Extend the triangulation 7 to
a symmetric triangulation 7, of T, and the distribution of signs «;, ... ;, to a distribution
at the vertices of the extended triangulation by the following rule: passing from a vertex
to its mirror image with respect to a coordinate hyperplane we preserve its sign if the
distance from the vertex to the plane is even, and change the sign if the distance is odd.

If an n-simplex of the triangulation of T, has vertices of different signs, select a piece
of hyperplane being the convex hull of the middle points of the edges having endpoints
of opposite signs. Denote by I' the union of the selected pieces. It is a piecewise-linear
hypersurface contained in Ty. It is not a simplicial subcomplex of T}, but can be deformed
by an isotopy preserving 7. to a subcomplex K of the first barycenter subdivision 7. of
T.. Bach n-simplex of 7/ has a unique vertex belonging to 7,. Denote by 7.5 the union
of all the n-simplices of 7/ containing positive vertices of 7. and by 7, the union of all
the rest n-simplices. The subcomplex K is the intersection of 7,7 and 7. A point of T’

94



Asymptotically maximal real algebraic hypersurfaces

contained in a simplex o of 7, belongs to a unique segment connecting the face of ¢ with
positive vertices and the face with negative ones. This segment meets K also in a unique
point and the deformation of I to K can be done along those segments.

Identify by the symmetry with respect to the origin the faces of Ty. The quotient space
T is homeomorphic to the real projective space RP™. Denote by T the image of I in T.

A triangulation 7 of T is said to be convex if there exists a convex piecewise-linear
function v : T — R whose domains of linearity coincide with the n-simplices of 7.
Sometimes, such triangulations are also called coherent (see [GKZ94]) or regular (see
[Zie94]).

Theorem 2.1 (see [Vir83|, [Vir94)). If 7 is convez, there exists a nonsingular hypersurface
X of degree m in RP"™ and a homeomorphism RP™ — T mapping the set of real points
RX of X ontoT.

A hypersurface defined by a polynomial

E Qi @y T .xf{bt”(“"”"),
(21500000 )EV

where V' is the set of vertices of 7, and t is positive and sufficiently small, satisfies the
properties described in Theorem 2.1. The polynomial above and its affine version

v,a _ i ip pV(21,...0
Pz, xp) = E Oy i T Tt (i15in)
(i1yeeeyin)EV

are called T-polynomials associated with the function v and the distribution of signs
a:V =R, afit,...,in) = a4, ,...4,. The hypersurface X defined by a T-polynomial is
called a T-hypersurface. If the triangulation 7 is primitive (that is, each n-simplex of 7 is
of volume %), then X is called a primitive T-hypersurface.

3. Critical Points of T-polynomials

To any orthant O in R™ we associate the map So = s(;;) © S(iy) © - .. © 5(;,,), Where
i1, ..., 9 are the indices of all negative coordinates of a point in the interior of O, and
S(i;), J =1, ..., k, is the reflection with respect to the i;-th coordinate hyperplane in R™.

Let ¢ be a point in R™. An n-dimensional lattice simplex ¢ in an orthant O of R is
called g-generic if the point Sp(g) belongs neither to §, nor to any hyperplane containing
an (n—1)-dimensional face of §. Let § C O be a g-generic simplex. An (n—1)-dimensional
face of § is called g-visible (resp., non-q-visible) if the cone over this face with the vertex
at So(q) does not intersect (resp., does intersect) the interior of §. The g-index %(9)
of § is the number of g-visible (n — 1)-dimensional faces of §. The co-g-index of ¢ is the
number n — i9(6). Denote by V(d) (resp., V(d)) the set of vertices of § which belong
to all g-visible (resp., non-g-visible) (n — 1)-dimensional faces of §. A g-generic simplex §
whose vertices are equipped with signs is called real g-critical if all the vertices in Vf(&)
have the same sign and the vertices in V() have the sign opposite to that of the vertices
in V(9).
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A triangulation 7 of T™(m) is called ¢-generic, if all its n-simplices are ¢-generic. A
simplex of 7 is called ¢-terminal if it is contained in an (n — 1)-dimensional non-g-visible
face of T™(m). Associate to any non-g-terminal simplex o of 7 an n-simplex of 7 in the
following way. Let v be a point in the relative interior of o. Take a point © such that

e ¥ belongs to the ray which starts at ¢ and passes through v,
e the distance between ¢ and v is greater than the distance between ¢ and v,
e the segment joining v and ¢ is contained in an n-simplex of 7.

The latter n-simplex does not depend on the choice of v in the relative interior of ¢ and
is called the g-upper simplex of o. A T-polynomial of degree m is called g-generic, if the
corresponding triangulation of T™(m) is g-generic.

Theorem 3.1 (see [Sh96, ISh03]). Let ¢ = (—qu, ..., —qn) be a point with negative integer
coordinates in R™, and P"" a (non-homogeneous) q-generic T-polynomial of degree m inn
variables. Then, there is a one-to-one correspondence between the real critical points in
(R*)™ of the polynomial

it I PO (2, 1)

and the real q-critical n-simplices of 1. (where T is the triangulation defined by v) such
that the index of a real critical point of Py with positive (resp., negative) critical value
is equal to the g-index (resp., co-g-index) of the corresponding simplex. If T is primitive,
each n-simplex of T has exactly one real critical symmetric copy in Tx.

Proposition 3.2. Let q be a point in R™, and 11, 75 convexr primitive q-generic triangu-
lations of a standard simplex T™(m). Then, for any integer i =1, ..., n, the numbers of
simplices of q-index i in 71 and in T2 coincide.

Proof. As is known (see, for example, [Dai00, Ber06)), for any integer j = 0, ..., n, the
numbers of j-dimensional simplices in 7; and 75 coincide. Thus, the numbers S{ and Sg
of j-dimensional non-g-terminal simplices in 71 and 75, respectively, also coincide. For
any j-dimensional non-g-terminal simplex ¢ in 7, kK = 1,2, the g-index of the g-upper
simplex of o is at least n — j. Denote by C;, and C; » the numbers of n-simplices of
g-index ¢ in 71 and T, respectively. Since Cj, = Sg, k = 1,2, we obtain C,, 1 = Cy 2.
Furthermore, for any integer j =1, ..., n—1, we have C,,_j 1, = S,i - Ei;é (?:SS) Chr—s ks
k =1,2. Thus, C; 1 = C; 5 for any integer number ¢ =1, ..., n. (|

4. Upper Bounds for Betti Numbers of Primitive T-hypersurfaces

Let P be the product of a real polynomial of degree m in n variables and any monomial
in n variables. Let Xp C CP™ be the projective closure of {P = 0} N (C*)™. Assume
that P has only nondegenerate critical points in (R*)™ and that the hypersurface Xp is
nonsingular. Denote by c; (respectively, cp ) the number of real critical points of P in
(R*)™ of index p and with positive (respectively, negative) critical value.

The following statement is well known and can be found, for example, in [ISh03].
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Proposition 4.1. There exists a real univariate polynomial R of degree n — 1 such that,
for any polynomial P as above and any integer number p =10, 1, ..., n—1, the following
inequality holds:

dimz, H,(RXp; Zy) < ¢, +¢;;_, + R(m).

Let

q € R™ be a point with negative integer coordinates,

T a convex primitive ¢g-generic triangulation of T™(m),

v:T"(m) — R a convex piecewise-linear function certifying the convexity of 7,
a a distribution of signs at the integer points of T™(m),

P/ a (non-homogeneous) T-polynomial associated with v and «,

X a hypersurface of degree m in RP" defined by (the homogenization of) P,”*.

Denote by C;(m) the number of n-simplices of 7 of g-index i. Theorem 3.1 and Proposi-
tion 4.1 imply the following statement.

Theorem 4.2 (cf. [Sh96, ISh03]). For any integerp = 0, ..., n—1, the following inequality
holds:
dimg, H,(RX; Z3) < Cy—p(m) + R(m),

where R is a polynomial described in Proposition 4.1.

According to Proposition 3.2, the numbers C,(m), ..., Ci(m) do not depend on the
choice of a convex primitive ¢g-generic triangulation 7 of 7™ (m). To prove Theorem 1.4,
it remains to compare the numbers Cy,(m), ..., C1(m) with the numbers Hy(m), ...,
Hn_l(m).

If { X, }men is an asymptotically maximal sequence of primitive T-hypersurfaces, then
due to Theorem 4.2 and the equality Ez;é Chr—p(m) =m™, we obtain

dimgz, H,(RX,,; Z2) = Cp—p(m) + O(m" 1),

for any integer p = 0, ..., n — 1. In the remaining part of the paper, we construct an
asymptotically maximal sequence of primitive T-hypersurfaces and show the equality

dimgz, H,(RX,,; Zs) = H,(m) + O(m" 1)

for the hypersurfaces X,, of the sequence.

5. Triangulation and Signs Generating Asymptotically Maximal
Sequence of Hypersurfaces

In this section we describe for each positive integer n and for each positive integer m
a triangulation 7"(m) of the standard simplex T"(m) and a distribution of signs at the
vertices of 7"(m) which provide via Theorem 2.1 an asymptotically maximal sequence of
hypersurfaces in RP™.

To construct the triangulation 7 (m), we use induction on n. If n = 1, the triangula-
tion 71(m) of [0,m] is formed by m intervals [0,1], ..., [m — 1,m] for any m.
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Assume that the triangulations of the standard simplices of dimensions less than n and
all the sizes are constructed and consider the n-dimensional standard simplex 7" (m) of
size m.

Denote by 1, ..., 2, the coordinates in R™. Let T;%l =T"(m)N{z, =m —j}, and
T; be the image of T;“l under the orthogonal projection to the coordinate hyperplane
{z,, = 0}. Numerate the vertices of each simplex T1,...,T,, as follows: assign 1 to the
vertex at the origin and ¢ + 1 to the vertex with nonzero coordinate at the i-th place.
Assign to the vertices of Tlnfl, ceey T[f;ll the numbers of their projections. A triangulation
of each simplex 7171, ...,T,, is already constructed. Take the corresponding triangulations
in the simplices T;“l, if m — j is even. If m — j is odd, take the linear map T;’*1 — T}
sending the i-th vertex of Tj”_1 to the vertex number n+1—iof T; (i=1,...,n). The
preimages of simplices of the triangulation of T} form a triangulation of Tj”_l.

Let [ be a nonnegative integer not greater than n — 1. If m — j is even, denote by le
the [-face of T;l_l which is the convex hull of the vertices with numbers 1,...,0+ 1. If

m — j is odd, denote by T]l the [-face of Tjnfl which is the convex hull of the vertices with
numbers n —1I,...,n.

Now for any integer 0 < j < m — 1 and any integer 0 < [ < n — 1, take the join
T}, * T;L_l_l. The triangulations of T, ; and Tjn_l_l constructed by the inductive as-
sumption define a triangulation of le L1 * TJﬁn_l_l. This gives rise to the desired triangu-
lation 7(m) of T™(m). It easy to see that 7"(m) is convex: a convex piecewise-linear
function certifying the convexity of 7™(m) can be obtained combining the following func-
tions:

e a convex piecewise-linear function whose domains of linearity are the convex hulls
of Tjnf1 and T;:fll, j=0,...,m-1

o affine-linear functions L;(e) : T;“l — R (here j runs over all the integers
1 <7 <m such that m — j is even, and ¢ is a sufficiently small positive num-
ber); any function L;(e) sends a vertex with number ¢ of Tjnf1 to ei;

e convex piecewise-linear functions (multiplied by appropriate constants) certifying
the convexity of the triangulations of T"~%, ..., Tn=1.

The distribution of signs at the vertices of 7™(m) is as follows: all the vertices get the
sign “+7.

Let (X;n)men be the sequence of hypersurfaces in RP™ provided according to Theo-
rem 2.1 by the triangulations 7"*(m) and the distribution of signs described above.

Theorem 5.1. For any positive integer n and any integer p =0, ..., n—1, the sequence
(Xm)men satisfies dimg, Hy(RX,,; Z2) = Hy(m) + O(m™1).

Corollary 5.2. For any positive integer n and any integer p = 0, ..., n — 1, one has
Hy(m) = Co—y(m) + O(m" ),

Proof. The statement immediately follows from Theorems 5.1 and 4.2 and the equality
n—1 n
> oo Cn—p(m) =m". O
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Theorem 5.1 is proved in Section 8. We precede the proof by a description of a certain
collection of cycles of RX,,, (Section 6) and a recurrent relation for the Hodge numbers
of algebraic hypersurfaces in CP™ (Section 7).

6. Narrow Cycles

For any positive integers n and m, and any integer p = 0, ..., n—1, we define a collection
¢i, i € I™P(m) of p-cycles of I™(m) C T, where T = T™(m) and I'™(m) is the piecewise-
linear hypersurface provided by the triangulation 7"(m) and the distribution of signs
described in Section 5 (in fact, any ¢; is also a p-cycle of the hypersurface I'"(m) C T%).
The cycles ¢; are called narrow.

The collection of narrow cycles ¢; is constructed together with a collection of azes b;.
Any axis b; is a (n — 1 — p)-cycle in T'\ I'™(m) (where p is the dimension of ¢;) composed
by simplices of the triangulation 77*(m) of T, and representing a homological class such
that its linking number with any p-dimensional narrow cycle ¢ is ;1.

Let us fix some notations. For any simplex le (where 1 < j < mand 0 <1 <
n — 1), denote by (T]l)ak the union of the symmetric copies of T]l» under the reflections
with respect to coordinate hyperplanes {z; = 0}, where i = 1,...,1, if m — j is even, and
i=n—1,...,n—1,if m—jis odd, and compositions of these reflections.

Any simplex T} is naturally identified with the standard simplex T'(j) in R! with
vertices (0,...,0), (4,0,...,0),...,(0,...,0,7) via the linear map Eé» : T} — T'(4) sending

(1) the vertex with number i of T]l to the vertex of T'(j) with the same number, if
m — j is even,
(2) the vertex with number i of T} to the vertex of T*(j) with the number i —n+1+1,
if m — 7 is odd.
It is easy to see that Lé- is simplicial with respect to the chosen triangulations of le and
T'(5). The natural extension of Eé to (TJZ)* identifies (T]l)* with (T%(m)). and respects
the chosen triangulations.

By a symmetry we mean a composition of reflections with respect to coordinate hy-
perplanes. Let s;) be the reflection of R™ with respect to the hyperplane {z; = 0},
i =1,...,n. Denote by sé» the symmetry of (T]H'l)* which is identical if m — j is even,
and coincides with the restriction of s(,_;_1y0...08¢,_1) on (T]Hl)* if m — 7 is odd.

The narrow cycles and their dual cycles are defined below using induction on n. For
n =1 and m > 3, the narrow cycles are the pairs of points

(-1/2,-3/2),...,(—=(2m —5)/2,—(2m — 3)/2),
(The set of narrow cycles is empty if n = 1 and m = 1,2.) The axes are pairs of vertices
(-1,—-m+1),(-2,—m),(-3,—-m+1),...,(—m + 2, —m),
if m is even, and pairs of vertices

(=1,-m), (=2, —m +1),(=3,—m),...,(—m +2,—m),
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if m is odd.

Assume that for all natural m and all natural £ < n the narrow cycles ¢; in the
hypersurface [¥(m) C T*(m) and the axes b; in T%(m) \ T*(m) are constructed. The
narrow cycles of the hypersurface in T m are divided into 3 families.

Horizontal Cycles.  The initial data for constructing a cycle of the first family
consist of an integer j satisfying inequality 1 < 7 < m — 1 and a narrow cycle of the
hypersurface in (7" !(j)). constructed at the previous steps. In the copy (Tj”_l)* of
(T 1(5))«, take the copy c of this cycle and the copy b of its axis.

There exists exactly one symmetric copy of TJQJrl incident to b. It is TJQJrl itself, if m —j
is odd, and either TJOH, Or S(p_1) (TJQH), if m—j is even. If the sign of the symmetric copy
s(]}o+1) of TJQ+1 incident to b is opposite to the sign of ¢, we include ¢ in the collection of
narrow cycles of . Otherwise take 5(n)(c) as a narrow cycle of I. The axis of ¢ (resp.,
5(ny(c)) is the suspension of b (resp., 5(,) (b)) with the vertex s(T7,,) (resp., sn)(s(T}y1)))
and with the vertex s(T7_,) (resp., 5(n)(s(T}_1))).

Co-Horizontal Cycles.  The initial data for constructing a cycle of the second
family are the same as in the case of the horizontal cycles: the data consist of an integer j
satisfying inequality 1 < j < m —1 and a narrow cycle of the hypersurface in (T 1(5))..

In the copy (T;’fl)* of (T™*(45))«, take the copy c of this cycle and the copy b of its
axis. If the sign of the symmetric copy s(]}oﬂ) of "Z’;.JJr1 incident to b coincides with the
sign of ¢, take b as axis of a narrow cycle of I. Otherwise take 5(n)(b). The corresponding
narrow cycle is a suspension of ¢ (resp., s(,)(c)).

Join Cycles. The initial data consist of integers j and [ satisfying inequalities
1<j<m-1,1<1<n—2,thecopyc; C (T}H)* of a narrow cycle of the hypersurface in
(T'(j+1))., the copy ¢ C (T;lil*l)* of a narrow cycle of the hypersurface in (7" ~171(5)).
and the copies by C (T}, ,). and by C (T7"7"), of the axes of these narrow cycles.

One of the joins by * by and s}, (by) * s?_l_l(bg), belongs to 7/'(m); denote this join
by J. If the signs of ¢; and ¢ coincide, take J as the axis of a cycle of I'™(m). Otherwise
take s(,)(J). The corresponding narrow cycle is either c; * ¢, or sé+1(cl) * S?ilil(CQ), or
S(ny(c1 % c2), or s(n)(séJrl(cl) * 5?_1_l(02)).

Proposition 6.1. For any integer p = 0, ..., n — 1, the Zy-homology classes of the
narrow cycles ¢;, i € I"™P(m), are linearly independent in H,(I'"™(m); Zs).

Proof. Both ¢; and b; with i € I"™P(m) are Zs-cycles homologous to zero in f, which is
homeomorphic to the projective space of dimension n. The sum of dimensions of ¢; and b;
is n— 1. Thus we can consider the linking number of ¢;, i € I"™?(m), and by, k € I"™P(m),
taking values in Zy. Each ¢; bounds an obvious ball in T. This ball meets b; in a single
point transversally and is disjoint with by for k # i and i,k € I"™P(m). Hence the linking
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number of ¢; and by is d;;. This proves that the cycles ¢;, i € I"™P(m), realize linearly
independent Zs-homology classes of I'™(m). O

7. Recurrent Relation for Hodge Numbers

For positive integers n and m, and an integer p = 0, ..., n — 1, denote by AP the
number of ordered (n + 1)-partitions of m(p + 1) such that each of the summands does
not exceed m — 1. In other words, this is the number of interior integer points in the
section of the cube [0, m]"*! by the hyperplane Z;:rll z; =m(p+1).

We have AP = hP"~17P(CX) —1, if n—1 = 2p, and AP = hP"~17P(CX) otherwise,
where X is a nonsingular surface of degree m in CP™ (see [DKh86]). Furthermore,

A%p::i(_l)i(n#) (m(p—f—l)—?gm—l)i—l).

If either n < 0 or p < 0, put AP = 0. If n =0 and p # 0, put A%P = 0. Finally, if
n=0and p=0, put AP =1.

Proposition 7.1. Let n and m be positive integers, and p a nonnegative integer not
greater than n — 1. The following recurrent relation holds true:

m—1 m—1 m—1 m—1
D IS DD SVt ST
j=1 j=1 j=1 j=1
m—1n—-2p—1 m—1n—-3p—1
S At gt 5SS gy
j=1 1=1 k=0 j=1 1=1 k=0
—1n—-3p—2 m—1n—4p—2
)BDS)IFUNTEITNS 95 9 DETWTRIE
j=1 1=1 k=0 Jj=1 1=1 k=0

Proof. We prove the statement using induction on m. If m = 1 the statement is evident.
For the inductive step, we need to show that

np _ AMP n—1,p n—1,p—1 n—2,p—1 n—2,p—1
Am - Amfl + Amfl + Amfl + Am + Amfl +

n—2p—1 n—3p—1
—1-lp—1—k —2-lp—1—k
YN Abkarthe + YN ALFan A temiTEy
=1 k=0 1=1 k=0
n—3p—2 n—4p—2
E :E : Lk pn—2—l,p—2—k }:Z I,k gn—3—1,p—2—k
Am Amfl + Am Amfl .
I=1 k=0 =1 k=0

We call an ordered (n+ 1)-partition of m(p+1) appropriate, if each of its summands does
not exceed m — 1. A partition a; + ...+ as of mr such that all the summands do not
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exceed m — 1 is called reducible, if there exist integers k and [ such that [ < s — 1 and

+1

Zazf (k+1).

For any reducible partition, denote by L the largest [ < s—1 such that ZZ 1 a; is divisible
by m. A partition of mr such that all the summands do not exceed m — 1 and which is
not reducible is called irreducible.

Denote the summands of an appropriate partition by aq,...,a,+1. Let us prove that

(1) AP is the number of appropriate irreducible partitions with a; < m — 1 and

Gni1 > la

(2) A~ l’p is the number of appropriate irreducible partitions with a; < m — 1 and
an+1 = 17

(3) A"~ 4P~ is the number of appropriate irreducible partitions with a; = m —1 and
Apy1 > 1,

(4) A"m__21’p ~!is the number of appropriate irreducible partitions with a; = m —1 and
an+1 = 1

(5) Zp b ALk An—1=hp=1=R 4g the number of appropriate reducible partitions
Wlth aL+2 < m—1 and an+1 > 1,

(6) Zp ! ALk AR 2 bp=1=k is the number of appropriate reducible partitions
Wlth aL+2 < m—1 and anH =1,

(7) Zz (2)Al kA 2 Lp=2=k i the number of appropriate reducible partitions
vvlth aL+2 =m-—1 and an+1 > 1,

(8) Zp 2 Al kAN bp=2=k 4 An=2p—1 ig the number of appropriate reducible
partltlonb Wlth ar+2=m—1and apy1 = 1.

Let IT be an ordered s-partition a;+. . .4as of (m—1)r, where a; < m—2fori=1,...,s.

This partition defines in the following way an ordered s-partition f(II) : a} + . —|— a’, of
mr with aj < m — 1 and an ordered (s + 1)-partition g(IT) : af + ... +al of mr Wlth
a! <m —1. Let 41,...,9-—1 be the integers such that

iq+1

iq
Zaj g(mfl)(b Zaj > (mil)qa
j=1 j=1

forany g=1,...,r—1. Takea, =a;+1if i =i, +1 (forsomeg=1,...,r—1)ori=s,
and a; = a; otherwise. Take a = a; +1, if i =i, + 1 (for some ¢ = 1,...,r — 1), and
ay = a; otherwise. Take, in addltlon al,, =1 Note that the partitions f(II) and g(II)
are both irreducible, aj < m —1, a > 1, and af < m — 1. For any irreducible ordered
s-partition @ : a} + ...+ a, ofmr suchthat ay<m-—1,a,>1,and a, <m—1,i=2,
.., 8, there exists a unique partition IT such that f(IT) = ®. Indeed, let iy,...,4._1 be
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the integers such that

iq ig+1
Zaggmq—l, Za;->mq—1;
j=1 j=1
forany g=1,...,r—1; take a; = a;—1,if i =i;+1 (forsome ¢ =1,...,7r—1) or i = s,

and a; = aj otherwise. (Note that a; ,; > 1, because ® is irreducible.) Similarly, for
any irreducible ordered (s + 1)-partition ¥ : af + ...+ a},; of mr such that af <m —1,
al,;, =1, and af <m—1,1 =2, ..., s, there ex1stb a unique partition II such that
g(Il) = 0.

The constructions of f(IT) and g¢(IT) described above give immediately (1) and (2).
To prove (3) (respectively, (4)), one can apply the construction of f(II) (respectively,
g(IT)) to ordered (n + 1)-partitions aj + ... + a,41 (respectively, to ordered n-partitions
a1 +...+ay)of (m—1)(p+1) such that ay =m—1anda; <m—2fori=2,...,n+1
(resp., i =2,...,n).

The statements (5) - (8) follow from (1) - (4): to any appropriate reducible partition
a; + ...+ an41, one can associate the irreducible partition arqo + ...+ any1- O

8. Proofs of Theorems 5.1 and 1.4

Proof of Theorem 5.1. For positive integers n and m, and an integer p =0, ..., n — 1,
denote by NP the number of narrow p-cycles ¢;, i € I"™P(m) constructed in Section 6.
If either n <0 or p <0, put NP =0. If n =0 and p # 0, put NJ»? = 0. Finally, if
n=0and p=0, put NP =1.

According to the construction of narrow cycles, the numbers NP satisfy the following
recurrent relation:

n—2p—1

an_N:rLl,fl_’_Nn ,p+Nn 1,p— 1+ZZleNn 1-l,p—1— k

m m
=1 k=0

In addition, Nll’0 = NQL0 =0 and N.° =m — 2 for any integer m > 3.
Fix a positive integer n and an integer p =0, ..., n — 1. Notice that AP < (m — 1)"
for any positive integer m. Thus, Proposition 7.1 implies that, for n > 2, one has

n—2p—1
) 1, 1, 1 1-1l,p—1— k —
Az{p:A”P —I—A” Py opgnLp— +ZZAlkAgL ) p— O(mn 2).

=1 k=0
In addition, AL? = — 1 for any positive integer m. Comparing the two recurrent
relations, we obtam N[f;p = AP + O(m™~1). This proves Theorem 5.1, since, according
to Proposition 6.1, the cycles ¢;, ¢ € I"™P(m), realize linearly independent Zo-homology
classes in H,(I'™(m); Zs). O
Proof of Theorem 1.4. The statement immediately follows from Theorem 4.2 and Corol-
lary 5.2. O
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Deformations of scalar-flat anti-self-dual metrics and
quotients of Enriques surfaces

Mustafa Kalafat

ABSTRACT. In this article, we prove that a quotient of a K3 surface by a free Zo @ Zo
action does not admit any metric of positive scalar curvature. This shows that the
scalar flat anti self-dual metrics (SF-ASD) on this manifold can not be obtained
from a family of metrics for which the scalar curvature changes sign, contrary to the
previously known constructions of this kind of metrics on manifolds of bt = 0.

1. Introduction

One of the most interesting features of the space of anti-self-dual or self-dual (ASD/SD)
metrics on a manifold is that the scalar curvature can change sign on a connected compo-
nent. That means, one can possibly join two ASD metrics of scalar curvatures of opposite
signs by a 1-parameter family of ASD metrics. However, this is not the case, for example
for the space of Einstein metrics. There, each connected component has a fixed sign for
the scalar curvature.

As a consequence, contrary to the Einstein case, most of the examples of SF-ASD
metrics are constructed by first constructing a family of ASD metrics. Then showing that
there are metrics of positive and negative scalar curvature in the family, and guaranteeing
that there is a scalar-flat member in this family. In the bt = 0 case actually this is the
only way known to construct such metrics on a 4-manifolds. This paper presents an
example of a SF-ASD Riemannian 4-manifold which is impossible to obtain by this kind
of techniques since it does not have a positive scalar curvature deformation.

§2 introduces the ASD manifolds and the optimal metric problem, §3 reviews the known
examples of SF-ASD metrics constructed by a deformation changing the sign of the scalar
curvature, §4 introduces an action on the K3 surface and furnish the quotient manifold
with a SF-ASD metric, §5 shows that the smooth manifold defined in §4 does not admit
any positive scalar curvature (PSC) or PSC-ASD metric, finally §6 includes some related
examples and remarks.

Key words and phrases. Self-Dual Metrics, Spin Structures, Dirac Operator, Kéhler Manifolds, Alge-
braic Surfaces.
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2. Weyl Curvature Tensor and Optimal Metrics

Let (M, g) be an oriented Riemannian n-manifold. Then by raising the indices, the
Riemann curvature tensor at any point can be viewed as an operator R : A2M — A2M
hence an element of S?A2M. It satisfies the algebraic Bianchi identity hence lies in the
vector space of algebraic curvature temsors. This space is an O,-module and has an
orthogonal decomposition into irreducible subspaces for n > 4. Accordingly the Riemann
curvature operator decomposes as:

R=UsZOW

where
U—; ° and Z—L
_2n(n71)g g n—2

[e]
Ric og
s is the scalar curvature, Ric= Ric— > g is the trace-free Ricci tensor, ”e” is the Kulkarni-
Nomizu product, and W is the Weyl Tensor which is defined to be what is left over from
the first two piece.

Let (M,g) be an oriented Riemannian manifold of dimension n. We have a linear
transformation between the bundles of exterior forms called the Hodge star operator
x : AP — A™ P, It is the unique vector bundle isomorphism between (Z)—dimensional
vector bundles defined by

a A (xf) = g(a, B)dV,
where o, 8 € AP,dV, is the canonical n-form of g satisfying dV(e1,,e,) = 1 for any
oriented orthonormal basis eq,,e,. * is defined pointwise but it takes smooth forms
to smooth forms, so induces a linear operator * : I'(A?) — T'(A™ P) between infinite
dimensional spaces. Notice that *1 = dV,,*dV, = 1 and **> = (=1)?(""P)[d,,. [Bes,
AHS, War]

If n is even, star operates on the middle dimension with > = (—1)"/2Id..,.. Moreover
it is conformally invariant in dimension n/2: If we rescale the metric by a scalar A\, g = Ag,
dV, = A\2dV, so that their product remains unchanged on n/2-forms since the inner
product on the cotangent vectors multiplied by A~!.

If n =2, * acts on A' or TM* as well as TM by duality with *2 = —Idpy. So it
defines a complex structure on a surface.

The case we are interested is n = 4, i.e. we have a Riemannian 4-Manifold and
% : A% — A? with %2 = Id,» and we have eigenspaces E,(£1) over each point 2 denoted
(A1), and the bundle A? splits as A = A2 @ A2. We call these bundles, bundle of
self dual , anti self dual two forms respectively. The splitting of two forms turns out
to have a great influence on the geometry of the 4-manifold because of the fact that
the Riemann curvature tensor can be considered as an operator on two forms and so it
also has a corresponding splitting. The decomposition of the space of two forms yields a
decomposition of any operator acting on this space. In particular Wy : A3 — A% called
self-dual and anti-self-dual pieces of the Weyl curvature operator. And we call g to be
self-dual (or anti-self-dual) metric if W_(or W) vanishes. If one reverses the orientation,
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W_ and W, are interchanged, so a SD manifold can be considered as an ASD manifold
with the reverse orientation.

4-manifolds which support self-dual metrics are abundant. In particular [Tau] shows
that for any smooth 4-manifold, the blow up M#kCPy admits an ASD metric for suf-
ficiently large k. Besides, there is even a connected sum theorem : under reasonable
circumstances, Donaldson and Friedman proves in their seminal paper [DonFri] that the
connected sums of SD manifolds are also SD. It is a pity that these deep and beautiful
results of Taubes, Donaldson and Friedman are not as well known as their other results
among the general geometry-topology community. Even though the result of Donaldson
and Friedman is very strong, it has a small drawback. It does not tell anything about
the curvature of the connected sum metric. To remedy this situation, the author proved
that one can generalize their construction to the positive scalar curvature case, i.e. under
the same conditions of [DonFri] the connected sums of 4-manifolds that admit PSC-SD
metrics again admit PSC-SD metrics. See [Kal] for details.

Finally, some motivation on why to study SD/ASD metrics is in order. SF-ASD metrics
are solutions to the optimal metric problem. Optimal metric problem is a struggle to find a
“best” metric for a smooth manifold. Historically, the geometers are interested in constant
sectional curvature spaces. As soon as these spaces are classified, there is a question of
what to do with the manifolds that do not admit any constant sectional curvature. Some
of them are metrized by Einstein metrics, which have constant Ricci curvature. However
there are still manifolds which do not admit any Einstein metrics. At this point SF-ASD
metrics come into the picture. More precisely :

Definition 2.1 ([LeOM]). A Riemannian metric on a smooth 4-manifold M is called an
optimal metric if it is the absolute minimum of the L? norm of the Riemann Curvature
tensor on the space of metrics

k(o) = [ 1R,V
M

Using the orthogonal decomposition it is equal to

52 \Roic|2
/cg:/ —+ + W2 av, .

On the other hand, the generalized Gauss-Bonnet Theorem and the Hirzebruch Signa-
ture Theorem express the Euler characteristic x and signature 7 respectively as

1 s | Ric |2
My=— [ Z 4+ |wp- av,
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1
1272

(M) | av,

Combining the two in K gives the following expression of K

K(g9) = =8%(x + 37)(M) +2/ i

+2|W,|? dV, .
| ap AW,

This yields

Proposition 2.1 ([LeOM]). Let M be a smooth compact oriented 4-manifold. If M
admits a SF-ASD metric then this metric is optimal. In this case all other optimal
metrics are SF-ASD, too.

For further information on the optimal metric problem, we suggest the excellent survey
article [LeOM] by C. LeBrun.

3. Constructions of SF-ASD Metrics

Here we review some of the constructions for SF-ASD metrics on 4-manifolds. We
begin with

Theorem 3.1 (LeBrun[LeOM]). For all integers k > 6, the manifold
kCPy = CPy# - - - #CPy
admits a 1-parameter family of real analytic ASD conformal metrics [g¢] fort € [0,1] such

that [go] contains a metric of s > 0 and [¢g1] contains a metric of s < 0.

Now we are going to state Hopf’s strong mazimum principle. Before, we give a defin-
n

ition. Consider the differential operator L. = > 7',_; a¥ ($1--$n)$;j arranged so that
a¥ = a’'. Tt is called elliptic ([ProWei]p56 ) at a point x = (x1..x,) if there is a positive
quantity p(z) such that

> d(@)6g > plx) Y &P
,j=1 i=1

for all n-tuples of real numbers (£;..£,,). The operator is said to be uniformly elliptic in a
domain €2 if the inequality holds for each point of €2 and if there is a positive constant pg
such that u(x) > po for all z in Q. Ellipticity of a more general second order operator is
defined via its second order term. In the matrix language, the ellipticity condition asserts
that the symmetric matrix [a%/] is positive definite at each point z.

Lemma 3.2 (Hopf’s strong maximum principle , [ProWei]p64). Let u satisfy the differ-
ential inequality
(Le +h)u >0 with h <0
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where L. is uniformly elliptic in Q and coefficients of L. and h bounded. If u attains a
nonnegative maximum at an interior point of Q, then u is constant.

Corollary 3.3 (LeBrun[LeOM)]). For all integers k > 6, the connected sum kCPy admits
scalar-flat anti-self-dual (SF-ASD) metrics.!

Proof. Let hy € [g¢] be a smooth family of metrics representing the smooth family of
conformal classes [g;] constructed in [LeOM]. We know that the smallest eigenvalue ),
of the Yamabe Laplacian (A 4 s/6) of the metric h; exists, and is a continuous function
of t. It measures the sign of the conformally equivalent constant scalar curvature metric
[LeePar].

But the theorem(3.1) tells us that Ag and A; has opposite signs. Then there is some
¢ € 10,1] for which A\, = 0. Let u be the eigenfunction corresponding to the eigenvalue 0,
for the Yamabe Laplacian of h. , i.e. (A + s/6)u = 0. Rescale it by a constant so that it
has unit integral.

Rescale the metric h. so that it has constant scalar curvature [LeePar]. We have
three cases for the scalar curvature, positive, zero or negative. If it is zero then we are
done. Suppose s, = s > 0. Since u is a continuous function on the compact manifold,
it has a minimum, say at m. Choose the normal coordinates around there, so that
Au(m) = — Zizl 0?u(m). Second partial derivatives are greater than or equal to zero,
Au(m) < 0 so u(m) = —=SAu(m) > 0. Assume u(m) = 0. Then the maximum of —u is
attained and it is nonnegative with (—A — s/6)(—u) = 0 > 0. So the strong maximum
principle (3.2) is applicable and —u = 0, which is not an eigenfunction. So u is a positive
function. For a conformally equivalent metric g, the new scalar curvature § is computed
to be [Bes]

§=6u">(A+5/6)u
in terms of 5. Thus § = u?h, is a scalar-flat anti-self-dual metric on kCP, for any k > 6.
The negative scalar curvature case is treated similarly. O

Another construction tells us

Theorem 3.4 ([Kim]). There exist a continuous family of self-dual metrics on a con-
nected component of the moduli space of self-dual metrics on

1(53 X Sl)#m(C]P’Q for any m > 1 and for some [ > 2

which changes the sign of the scalar curvature.

1Quite recently, LeBrun and Maskit announced that they have extended this result to the case k =5
with similar techniques, which is the minimal number for these type of connected sums according to
[LesSD].
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4. SF-ASD Metric on the Quotient of Enriques Surface

In this section we are going to describe what we mean by K3/Zo®Zs, and the scalar-flat
anti-self-dual (SF-ASD) metric on it.

Let A and B be real 3 x 3 matrices. For x,y € C3, consider the algebraic variety
V2.2 C CPs given by the equations

> Ala?+ Bly; =0, i=1,23
J
or more precisely,
Ajxi + Alxs + Aal + Biy? + Biys + Biy; =0

Alx? + AZa2 + A2x3 2y1 + B2y2 + Bzy3 =0

A3331 A3x2 A3$3 3y1 + dez + Bsys =0
For generic A and B, this is a complete intersection of three nonsingular quadric hyper-
surfaces. By the Lefschetz hyperplane theorem, it is simply connected, and

Ky, = Kz © V3] = O(~6) ® 0(1)** = O(—4)
since [Va]n, = 2[H]p, and taking Poincare duals, similarly

Kv,, = Ky, ® [Vi;] = 0(-4) ® 0(2) = O(-2)

Kvyso = Kvay ® (Vi3] = O(-2)© 0(2) = O
finally. So the canonical bundle is trivial. V is a K3 Surface. We define the commuting
involutions o+ by
0" (z,y) = (z,~y) and o~ (z,y) = (z,7)
and since we arranged A and B to be real, o both act on V.

At a fixed point of o on V, we have y; = —y; = 0, so > Al 2 = 0. So if we take
an invertible matrix A, these conditions are only satlsﬁed for x; = yj = 0 which does not
correspond to a point, so o is free and holomorphic. At a fixed point of ¢~ on V, ;s
and y;’s are all real. If Al BI > 0 for all j then > AJwQ + B] =0 forces z; =y; =0
making o~ free. At a fixed point 070" on V, z; = z; and Yj = yj, so x;’s are real and
y;'s are purely imaginary. Then yJ2 is a negative real number. So if we choose Aé > 0 and
Bg < 0, this forces z; = y; = 0, again we obtain a free action for ¢~ ¢ ™. Thus choosing

A and B within these circumstances o+ generate a free Zo @ Zo action and we define
K3/Zs ® Zsy to be the quotient of K3 by this free action. We have

X = Z(—l)kbk =2—2b; +by =2+ (2b7 — 7) hence b+ = (xy +7 —2)/2
50, b (K3/Zs ® Zs) = (24/4 — 16/4 — 2) /2 = 0, a special feature of this manifold.

Next we are going to furnish this quotient manifold with a Riemannian metric. For that
purpose, there is a crucial observation [HitEin| that, for any free involution on K3, there
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exists a complex structure on K3 making this involution holomorphic, so the quotient is
a complex manifold. We begin by stating the

Theorem 4.1 (Calabi-Yau[Cal, Yau, GHJ, Joy]). Let (M,w) be a compact Kdihler
n-manifold. Let p be a (1,1)-form belonging to the class 2meci (M) so that it is closed.
Then, there exists a unique Kdahler metric with form w' which is in the same class as in
w, whose Ricci form is p.

Intuitively, one can slide the Kéhler form w in its cohomology class and obtain any
desired reasonable Ricci form p.

Remark 4.2. Since ¢1(K3) = 0 in our case, taking p = 0 gives us a Ricci-Flat(RF)
metric on the (K3,w) surface, the Calabi-Yau metric. This metric is hyperkdhlerian
because of the following reason: The holonomy group of Kahler manifolds are a subgroup
of Us. However, Ricci-flatness reduces the holonomy since harmonic forms are parallel
because of the Weitzenbock Formula for the Hodge/modern Laplacian on 2-forms (5.6).
Scalar flatness and non-triviality of b™ is to be checked. b1(K3) = 0 implies b™ (K3) =
(24 — 16 — 2)/2 = 3, which is nonzero. Actually b is nontrivial for any Kéhler surface
since the Kahler form is harmonic and self-dual. Harmonic parallel forms are kept fixed
by the holonomy group, a fact that imposes a reduction from Us to SUs which is the next
possible option and isomorphic to Sp; in this dimension, hence the Calabi-Yau metric is
hyperkahler. Alternatively one can see that the holomorphic forms are also parallel by a
similar argument, another reason to reduce the holonomy.

So we have at least three almost complex structures I,.J, K, parallel with respect to
the Riemannian connection. By duality we regard these as three linearly independent
self-dual 2-forms, parallelizing A;‘. So any parallel A;r form on K3 defines a complex
structure after normalizing. In other words al 4+ bJ + cK defines a complex structure for
the constants satisfying a? + b? + ¢? = 1, i.e the normalized linear combination. On the
other hand

by (K3/Zy) = by (K3) =0, b"(K3/Zs) = (12— 8—2)/2 = 1.

Since the pullback of harmonic forms stay harmonic, the generating harmonic 2-form on
K3/Zy comes from the universal cover, so is fixed by the Zy action. It is also a parallel
self-dual form so its normalization is then a complex structure left fixed by Zs. So the
quotient is a complex surface with by = 0 and 2¢; = 0 implying that it is an Enriques
Surface.

So we saw that any involution or Zs-action can be made holomorphic by choosing the
appropriate complex structure on K3. In particular by changing the complex structure,
o~ becomes holomorphic, too and then both K3/ 22i are complex manifolds, i.e. Enriques
Surfaces, for Z5 = (o).

Remark 4.3. Even though we managed to make ¢ and ¢~ into holomorphic actions by
modifying the complex structure, it is impossible to provide a complex structure according
to which they are holomorphic at the same time. The reason is that, in such a situation
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the quotient K3/Zs & Zs would be a complex manifold. On the other hand the Noether’s
Formula [Bea]
1 1
X(05) = 75 (K2 +X(8)) = 75 +)]8]
holds for any compact complex surface [BPV] as a consequence of the Hirzebruch-Riemann-
Roch Theorem. It produces a non-integer holomorphic Euler characteristic - 22 = 1

124 — 2
Now consider another metric on K3 : the restriction of the Fubini-Study metric on
CP® obtained from the Kihler form
i
Wrs = %33104%|($1,$2,$3,yl>y2,y3)|2
We also denote the restriction metric by grg. It is clear that o leave this form invariant,
hence they are isometries of grg. This is not the metric we are seeking for. This metric has
all sectional curvatures lying in the interval [1,4] and is actually Einstein, i.e. Ric = 6g
with constant positive scalar curvature equal to 2 [Pet]p84. Let grpr be the Ricci-Flat
Yau metric (4.1) taking p = 0 with Kéhler form cohomologous to wrg. We will show that
this metric is invariant under o and projects down to a metric on K3/Zq @ Zy. Scalar
flatness and being ASD are equivalent notions for K&hler metrics [LeSD], and the local
structure does not change under isometric quotients which makes the quotient SF-ASD.
Since o is holomorphic, the pullback form o™ *wrp is Kihler and the equalities
[0t wrp] = 0| A M wrs] = [wrs]

wrr| =0 wrs] = |

show that it is cohomologous to the Fubini-Study form. Ricci curvature is preserved
and is zero, hence by Calabi uniqueness (4.1) we get ov*grr = grr. Dealing with
the anti-holomorphic involution needs a little more care. Think ¢~ : K3 — K3 as a
diffeomorphism. The pullback of a Kéhler metric is Kéhler with respect to the pullback
complex structure. The anti-holomorphicity relation relates the two complex structures

by o, J1 = —Jeo, . The pullback Kéhler form W, = w,-+4,, = —0~ *wrr since

On(u,v) = 0 *grr(J1u,v) = grr(oy Jiu, o, v) = grr(—Joo, u,o, v)
= —wrr(oyu,0,v) = —0 *wrr(u,v),
and hence,
[Wn] = [-07"wrF] = =0 " [wrF| = —0 " wrs| = —[0 " wrs| = —[wrs].

But this is the form of 0~ *gpg with respect to the pullback complex structure which is
the conjugate(negative) of the original one. Looking from the real point of view, once we
have a Kahler metric g, it has a Kahler form corresponding to each supported complex
structure on the manifold. Once the complex structure is chosen, the form is obtained by
lowering an index

Wap = W(0a,0) = g(JOa, ) = g(J,0c, Op) = J,° 9(0c, 0) = J,° gev = Jap-

So, the form and the complex structure are equivalent from the tensorial point of view. If
we conjugate(negate) the complex structure, we should replace the form with its negative.
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Returning to our case, w,, is the form corresponding to the pullback, hence to the conjugate
complex structure. We take its negative to obtain the one corresponding to the original
complex structure. So the corresponding form is going to be W = — —wpg which is wrg
and again the Calabi uniqueness (4.1) implies 0~ *grr = grr.

Remark 4.4. There is an alternative argument in [McI]p894 which appears to have a
gap: “Fubini-Study metric projects down to the metrics giES on KS/Z%E. Let h* be the
Calabi-Yau metric(4.1) on K3/ZF with Kéhler form cohomologous to that of g%s. To
remedy the ambiguity in the negative side, keep in mind that, o~ fixes the metric and
the form on K3, though the quotient is not a Kahler manifold initially since it is not
a complex manifold, it is locally Kdhler. We arrange the complex structure of K3 to
provide a complex structure to the form, so the quotient manifold is Kéhler. Now we
have two Kéahler metrics on the quotient (for different complex structures) but we do
not know much about their curvatures, and want to make it Ricci-Flat, so we use the
Calabi-Yau argument. Since ¢;(K3/Z5) = 0 with real coefficients, we pass to the Calabi-
Yau metric for p = 0. 7+ denoting the quotient maps, the pullback metrics 7=*h* are
both Ricci-Flat-Kahler(RFK) metrics on K3 with Kéhler forms cohomologous to that
of grs. Their Ricci forms are both zero. By the uniqueness(4.1) of the Yau metric we
have 7t*h* = 77*h~. Hence this is a Ricci-Flat Kihler metric on K3 on which both
o act isometrically. This metric therefore projects down to a Ricci-Flat metric on our
manifold K3/Zs ® Zs.” The problem is that the pullback metrics 7E*hE are Kihler
metrics with cohomologous Kéhler forms, however they are Kéahlerian with respect to
different complex structures. So the Calabi uniqueness (4.1) can not be applied directly.?

5. Weitzenbock Formulas

Now we are going to show that the smooth manifold K3/Zs @ Zo does not admit any
positive scalar curvature metric. For that purpose we state the Weitzenbock Formula for
the Dirac Operator on spin manifolds. Before that we introduce some notation together
with some ingredients of the formula.

For any vector bundle F over a Riemannian Manifold M, the Levi-Civita connection
is going to be the linear map we denote by V : I'(E) — I'(Hom(T M, E)). Then we get
the adjoint V* : T'(Hom(TM, E)) — I'(E) defined implicitly by

/ (V" S, s)dV = / (S, Vs)dV

M M

and we define the connection Laplacian of a section s € T'(E) by their composition V*Vs.
Notice that the harmonic sections are parallel for this operator. Using the metric, we can

express its action as :

Proposition 5.1 ([Pet]pl79). Let (M,g) be an oriented Riemannian manifold, E — M
a vector bundle with an inner product and compatible connection. Then

V*Vs = —trv?s

2Thanks to the second referee for pointing out this delicate issue.
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for all compactly supported sections of E.

Proof. First we need to mention the second covariant derivatives and then the integral of
the divergence. We set

V2K(X,Y) = (VVK)(X,Y) = (VxVE)(Y).
Then using the fact that Vx is a derivation commuting with every contraction: [KobNom]|p124
VxVyK=VxC(Y @ VK)=CVx(Y ® VK)
=C(VxY ®VK+Y ® VxVK)
=Vv,.vK + (VxVK)(Y)
= Vy,vK + V2K(X,Y)

hence V2K (X,Y) = VxVyK — Vy,yK for any tensor K. That is how the second
covariant derivative is defined . Higher covariant derivatives are defined inductively.
For the divergence, remember that

(divX)dV, = LxdV,,

which is taken as a definition sometimes[KobNom|p281. After combining this with the
Cartan’s Formula: LxdV = dixdV + ixd(dV) = dixdV; Stokes’ Theorem yields that
Sy [divX)av = [, LxdV = [,,d(ixdV) = [5,,ixdV = 0 for a compact manifold
without boundary. This is actually valid even for a noncompact manifold together with
a compactly supported vector field.

Now take an open set on M with an orthonormal basis {E;} ;. Let s; and s2 be
two sections of E compactly supported on the open set. We reduce the left-hand side via
multiplying by so as follows:

(V*Vs1,89) 2 :/ (V*Vsl,@)dV:/
M

<V51,V32>dV=/ 1 ((Vs1)* Vs)dV
M M

— Z/M<(V51)*V52(Ei),Ez‘>dV
— ZA[<(VS1)*VE,i327Ei>dV
- Z/M<VE152’V51(Ei)>dV

= Z/ (Vi,s1,Vg,s)dV.
M
Define a vector field X by g(X,Y) = (Vysi, s2). Divergence of this vector field is

divX = —d*(X°) = trVX = Y0 (Vp, X, E;) = S(E(X, E;) — (X, V5, E}))
= > (Ei(Vg,s1,82) = (Vvy, B,51,52))
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We know that its integral is zero, so our expression continues to evolve as

= Z/M<VE,-S1,VE,;82>dV — Z/M(E¢<VEis1,32> — (VinEi31752>)dV
- Z/M(7<inin51’ s2) + <VVEiEi51, $2))dV
= - 251 i), S2
*Z/M< V251 (B, E), 52)dV
= */J\4<Z<V251(Ei),Ei>782>dV

= / (—trV?s1, 82)dV
M

= (—trV?sy1, s9) 2.

So we established that V*Vs; = —trV?2s; for compactly supported sections in an open

set.

Theorem 5.2 (Atiyah-Singer Index Theorem[LawMic|p256,[Mor|p47). Let M be a com-
pact spin manifold of dimension n = 2m. Then the index of the Dirac operator is given

by
ind(P%) = A(M) = A(M)[M].

More generally, if E is any complex vector bundle over M, the index of
DL TS+ ®E) = I(S; ® E) is given by

ind(P;) = {ch(E) - A(M)}[M].
Forn =4, A(M) =1—p1/24 and the first formula reduces to

ind(p*) = A(M) = /M _pléf) _ —T(éw)

by the Hirzebruch Signature Theorem.

Let us explain the ingredients beginning with the cohomology class A(M ). Consider

the power series of the following function [Fri]pl08 :
t2 t
sinht/2  et/2 — e~ t/2
where we compute the coefficients as
1 7 7

Ay = —— , Ay = = .
24 10-24-24 5760

=14 Aot? + Ast* + . ..
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Consider the Pontrjagin classes pi...pr of M**. Represent these as the elementary sym-
metric functions in the squares of the formal variables x1 - - - x:

2 2 2.2 2
T+ F T =P, o, TITy T = Pk

Then Hle

L is a symmetric power series in the variables 23 - - - 27, hence defines

evi/2—e
a polynomial in the Pontrjagin classes. We call this polynomial A(M )
k
~ I1/2
AM) = _—
(M) H sinh z; /2

i=1
In lower dimensions we have

AMY) =1~ 2*14191 L AMP) =1~ ipl + %p? - 17140192.
If the manifold has dimension n = 4k + 2, again it has k£ Pontrjagin classes, and we define
the polynomial A(M‘“”‘Q) by the same formulas.

Secondly, we know that P : I'(S;) — T'(S_) is an elliptic operator, so its kernel is
finite dimensional and its image is a closed subspace of finite codimension. The index
of an elliptic operator is defined to be dim(kernel) — dim(cokernel). Actually in our
case P and ] are formal adjoints of each other: (D, )2 = (¥, P7n)L2 for 1,7
compactly supported sections [LawMic]pl14 , [Mor|p42. Consequently the index becomes

dim(kerD™) — dim(kerD™).

This index is computed from the symbol in the following way. Consider the pullback
of S+ to the cotangent bundle T* M. The symbol induces a bundle isomorphism between
these bundles over the complement of the zero section of 7*M. In this way the symbol
provides an element in the relative K-theory of (T*M,T*M — M). The Atiyah-Singer
Index Theorem computes the index from this element in the relative K-theory. In the
case of the Dirac operator the index is A(M), the so-called A-hat genus of M.

Now we are ready to state our main tool

Theorem 5.3 (Weitzenbock Formula[Pet]p183,[Bes|p55). On a spin Riemannian man-
ifold, consider the Dirac operator [P : T'(Sy) — I'(‘S¢). The Dirac Laplacian can be
expressed in terms of the connection/rough Laplacian as

s
pr=v'v+g
where V s the Riemannian connection.

Finally we state and prove our main result:

Theorem 5.4. The smooth manifold K3/Za @ Zs does not admit any metric of positive
scalar curvature(PSC).
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Proof. If K3/7s @& Za admits a metric of PSC then K3 is also going to admit such a
metric because one pulls back the metric of the quotient, and obtain a locally identical
metric on which the PSC survives.

So we are going to show that the K3 surface does not admit any metric of PSC. First
of all the canonical bundle of K3 is trivial so that ¢1(K3) = 0 = wo(K3) implying that
it is a spin manifold. By the Atiyah-Singer Index Theorem (5.2),

(M)
8
for the K3 Surface. Since it is equal to dim(ker) — dim(coker), this implies that the

dim(kerp™) > 2.

Let ¢ € ker DT C T'(S,) and consider its image (1,0) in I'(S; ®S_). Then P?(y,0) =
0 since D = P @ P~. Abusing the notation as ¢ = (1,0) the spin Weitzenbock Formula
(5.3) implies

ind(P*) = A(M)[M] = ~ =2

0= V'V + 20
Taking the inner product with ¢ and integrating over the manifold yields

0= (V¥ t)sa + (G )aa = (V. Voo + 0,00 = [ (Vwl + J)av

and s > 0 implies that |V1)| = |1)| = 0 everywhere, hence 1) = 0. So kerp™ = 0, which is
not the case.

Notice that s > 0 and s(p) > 0 for some point is also enough for the conclusion because
then ¥ would be parallel and zero at some point implies 1) is zero everywhere O

Remark 5.5. In the above proof, while taking ¢ € ker])™ some confusion may arise
if ker]p™ C T'(S4) is not specified. A reader might think that DT acts on T'(S; & S_)
and 1) is equal to something like (1, n) for some nonzero 7, so that Py = PTP~.

Alternatively, we could use the Weitzenbock Formula for the Hodge/modern Laplacian
to show that there are no PSC anti-self-dual(ASD) metrics on K3/Zy @ Zy. This is a
weaker conclusion though sufficient for our purposes

Theorem 5.6 (Weitzenbock Formula 2[LeOM]). On a Riemannian manifold, we can
express the Hodge/modern Laplacian in terms of the connection/rough Laplacian as

(d+d*)? = V*V—2W+§
where V is the Riemannian connection and W is the Weyl curvature tensor.

Theorem 5.7. The smooth manifold K3/Zy & Za does not admit any anti-self-dual(ASD)
metric of positive scalar curvature(PSC).

Proof. Again we are going to show this only for K3 as in (5.4). Suppose we have a metric
of positive scalar curvature.
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Anti-self-duality reduces our Weitzenbock Formula (5.6) to the form
(d+d)? = V'V —2W_ + g
because W = W_ or W, = 0.
We have already explained in (4.2) that bj of the K3 surface is nonzero. So take a
nontrivial harmonic self-dual 2-form ¢. W_ : T'(A7) — I'(A™) only acts on anti-self-dual
forms, so it takes ¢ to zero. Applying the formula,

0=V*"Vy+ gtp
and taking the inner product with ¢ and integrating over the manifold yields similarly

* S S S
0= (V'Ve,0)r2 + (30, 0)12 = (Vi, Vo) 12 + 2 (9, 9)12 = /M(IVso|2 + glwIQ)dV

and s > 0 implies that |Vy| = |¢| = 0 everywhere, hence ¢ = 0, a contradiction. O

6. Other Examples
In this section, we will go through some examples. We begin with the case b+ = 1.

Theorem 6.1 ([KLP],[RolSin]). For all integers k > 10, the connected sum CPy#kCPy
admits scalar-flat-Kdihler(SFK) metrics.?

The case k > 14 is achieved in [KLP]. They start with blow ups of CP; x ¥y the
cartesian product of rational curve and genus-2 curve, which already have a SFK metric
via the hyperbolic ansatz of [LeExp|. After applying an isometric involution, they get
a SFK orbifold, which has isolated singularities modelled on C?/Z,. Replacing these
singular models with smooth ones, they obtain the desired metric.

For the case k£ > 10, Rollin and Singer first construct a related SFK orbifold with
isolated and cyclic singularities of which the algebra ay of non-parallel holomorphic vec-
tor fields is zero. This is done by an argument analogous to that of [BurBar]. The
target manifold is the minimal resolution of this orbifold. To obtain the target metric,
they glue some suitable local models of SFK metrics to the orbifold. These models are
asymptotically locally Euclidean(ALE) scalar flat Kéhler metrics constructed in [CalSin].

When a metric is Kédhler, from the decomposition of the Riemann Curvature operator,
scalar-flatness turns out to be equivalent to being anti-self-dual. So these metrics are
SF-ASD.

Since these manifolds have bt # 0 Weitzenbock Formulas apply as in section §5, so
automatically the scalar curvature can not change sign. These examples show why the
case bT = 0 we focussed on, is interesting.

A second type of example is 4

3It is a curious fact that k = 10 is the minimal number for these type of metrics(SF-ASD) on
CP2#kCP2, known by [LeSD] long before these constructions made. See [LeOM] for a survey.
4Thanks to the first referee for pointing out this example and the remark.
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Ezample 6.2. Let ¥, be the genus-g(> 1) surface with Kahler metric of constant curvature
k& = —1, and S? be the 2-sphere with the round x = +1 metric. Consider the product
metric on S? x ¥, which is Kéhler with zero scalar curvature. So this metric is anti-self-
dual. Then we have fixed point free, orientation reversing, isometric involutions of both
surfaces obtained by antipodal maps. Combination of these involutions yield an isometric
involution on the product and the metric pushes down to a metric on

(S% x X,)/Zs = RP? x (RP?*# - --#RP?)
N———’
(g+1)—many

which is SF-ASD as these properties are preserved under isometry. This is an example
with all the key properties (b7 = 0)where the metric is completely explicit. Note that
this manifold is non-orientable.

One has to be careful about the involution on ¥, though. There are many hyperbolic
metrics on X, which do not have an isometric involution satisfying our conditions. In-
volution must be conformal. One way to achieve this is as follows. We take a conformal
structure on the (g + 1)RP?, and pull this back to its orientable double cover Yg4. By
the uniformization theorem of Riemann Surfaces, there is a unique hyperbolic(k = —1)
metric of 3, in this conformal class. Since this metric is unique in its conformal class, it is
automatically invariant under the involution and pushes down to a hyperbolic metric on
(g+ 1)RP?. It is known that the moduli space of hyperbolic metrics on ¥, is 6g — 6 real
dimensional, on the other hand 3g — 3 real dimensional on (g+ 1)RP?. So it is appearent
that there are many hyperbolic metrics on 3, which are not coming from the quotient.
So that they do not have the isometric involution of the kind we use.

Another way to construct this involution can be to begin with a surface in R? which is
symmetric about the origin, e.g. add symmetric handles to a sphere or a torus about the
origin. Then take the conformal structure induced from Euclidean R®. There is a unique
hyperbolic metric that induces this conformal structure, so proceed as before.

Remark 6.3. The other side of the story discussed here is that we have ASD, conformally
flat deformations to negative scalar curvature metrics e.g. on M = X, x S2. It is obtained
by deforming
p:m (M) — SL(2,H),

the representation of the fundamental group in SL(2,H). This is the group of conformal
transformations of S*. It contains the isometry group SL(2,R) due to the fact that H?x 52
is conformally flat and conformally diffeomorphic to S* — S'. This is the universal cover
of ¥, x $2, and its fundamental group acts by conformal transformations in SL(2,R) C
SL(2,H). m (M) = m(X,) is generated by 2g elements {a1,b1 --- ag,bs} and these
are subject to the single relation [[[a;,b;] = 1 the product of the commutators. So a
representation in SL(2,H) corresponds to a choice of 2¢g elements and a relation. Since
this Lie group is 15 dimensional and we have to subtract the change of basis conjugation
and the relations , this kind of representations depend on 15 x 2g — 15 x 1 — 15 x 1 =
30g — 30 parameters. On the other hand, a twisted product metric on X, x S? provides
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a representation in SL(2,R) x SO(3), which is a 3+ 3 = 6 dimensional Lie group. So we
have 6 x 29 —6 x 1 —6 x 1 = 12g — 12 parameters for this representation. This difference
means that the generic conformally flat structure on M does not come from a twisted
product metric. We refer [Pon] for further details.

Using the Weitzenbock Formula (5.6), LeBrun [LeSD] shows that a conformally flat
metric on M of zero scalar curvature must be Kéahler with respect to both orientations,
and by a holonomy argument he further shows that the metric is of twisted product type.”

Similar parameter counts are valid for M/Zy and this shows that the generic confor-
mally flat metric on this manifold has negative Yamabe constant.

Also, by further investigation, it might be possible to get examples which are doubly
covered by e.g. the simply connected examples of [KLP].
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The Kahler-Ricci flow on Kahler surfaces
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ABSTRACT. The existence of K&hler-Einstein metrics on a compact K&hler manifold
of definite or vanishing first Chern class has been the subject of intense study over the
last few decades, following Yau’s solution to Calabi’s conjecture. The Kahler-Ricci
flow is a canonical deformation for Kahler metrics. In this expository note, we apply
some known results of the Kahler-Ricci flow and give a metric classification for Kéhler
surfaces with semi-negative or positive first Chern class.

1. Introduction

The problem of finding Kéhler-Einstein metrics on a compact Ké&hler manifold has
been the subject of intense study over the last few decades. In his solution to Calabi’s
conjecture, Yau [Yal] proved the existence of a Kihler-Einstein metric on compact Kéhler
manifolds with vanishing or negative first Chern class. A proof of Yau’s theorem is given
by Cao [Ca] using the Kéhler-Ricci flow.

As is well-known, Hamilton’s Ricci flow has become one of the most powerful tools
in geometric analysis [Hal]. The Ricci flow can be applied to give an independent proof
of the classical uniformization for Rieman surfaces (c.f. [Ha2, Ch, ChLuTi]). Recently
Perelman [Pe] has made a major breakthrough in studying the Ricci flow with remarkable
applications to the study of 3-manifolds. The convergence of the Kéhler-Ricci flow on
Kahler-Einstein manifolds with positive first Chern class was claimed by Perelman and it
has been generalized to any Kéahler manifolds admitting a Kéhler-Ricci soliton by Tian
and Zhu with certain assumptions on the initial metrics [TiZhu]. Previously, it was
proved in [ChTi] that the Kahler-Ricci flow converges to a Kéhler-Einstein metric if the
bisectional curvature of the initial Kahler metric is non-negative and positive at least at
one point.

Most algebraic varieties do not admit Kéhler-Einstein metrics, for example, those with
indefinite first Chern class, so it is a natural question to ask if there exist any well-defined
canonical metrics on these varieties or on their canonical models. Tsuji [Ts] applied the
Kahler-Ricci flow to produce a canonical singular Kahler-Einstein metric on non-singular
minimal algebraic varieties of general type. In [SoTi], new canonical metrics on the
canonical models of projective varieties of positive Kodaira dimension were defined and
such metrics were constructed by the Kéhler-Ricci flow on Kahler surfaces.

Key words and phrases. Kahler-Ricci flow, Kéhler-Einstein metrics, Chern class, Kodaira dimension.
The author is partially supported by NSF grant: DMS-0604805.
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In this expository note, we present a metric classification for Kéhler surfaces with
non-negative Kodaira dimension or positive first Chern class by the Kahler-Ricci flow.

2. Preliminaries

Let X be an n-dimensional compact Kéhler manifold. A K&hler metric can be given
by its Kahler form w on X. In local coordinates (21, ..., 2, ), w can be written in the form

n
w=+v-1 Z 9i5dzi N\ dzj,
i,j=1

where {g;;} is a positive definite hermitian matrix function. The Kéhler form w is a closed
(1,1)-form by the Kéhler condition. In other words, for 4, j, k = 1,...,n,

09 = 5gj k and 69_]@% = 89165.

8Zj 8zZ aZj 821
We also define the space of plurisubharmonic functions with respect to a Kéhler form w
by

P(X,w) = {p € C°(X) | w+ vV—100¢ > 0}.

The curvature tensor for g is locally given by

829_,_ n 789789 —=
R — 99 pa %9 i g 19 p.
A P 2 0z 0z "7 "

The bisectional curvature of w is positive if

Rﬁk[viﬁjwkwl >0
for all non-zero vectors v and w in the holomorphic tangent bundle of X. The Ricci tensor
is given by

6 log det (g7
Plogdetlow) ;19 ..

R = —
* 822‘65]‘ B

So its Ricci curvature form is
Ric(w) = V-1 Z R;jdz; A\ dzj = —/—1001og det(g,7).
i,j=1
Definition 2.1. The Kahler metric w is called a Kdhler-Einstein metric on X if
Ric(w) = w,
for some constant A € R.

We can always scale the Kahler-Einstein metric w so that A = —1, 0 or 1. By the
Einstein equation, the first Chern class of X has to be definite or vanishing if there exists
a Kahler-Einstein metric on X.
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The Ricci flow introduced by Hamilton ([Hal]) on a Riemannian manifold is defined
by
891‘;‘
ot
On a Kéhler manifold X, the Kéhler condition is preserved by the Ricci flow if the initial
metric is Kahler, so that the Ricci flow is called the Kéahler-Ricci flow. We define the
following normalized K&ahler-Ricci flow

— —2R,;. (2.1)

3gﬁ
ot

= —R;5 + Agijs (2.2)

where A = —1, 0, 1.
Let X be a compact complex manifold of complex dimension n and K x be the canonical
line bundle on X. The canonical ring of X is defined by

R(X) = &_oH* (X, K¥)
with the pairing
HY (X, K¢") @ HY(X, Ky?) — HO(X, K ).
Then we can define the Kodaira dimension kod(X) of X by

[ - if RX)=C
kod(X) = { tr(R(X)) — 1 otherwise,

where tr(R(X)) is the transcendental degree of the canonical ring R(X).
We always have kod(X) < dim(X). In fact, if kod(X) > 0, we can define the following
meromorphic pluricanonical map for sufficiently large m

®,, : X — CP"
by
®,(2) =[S (2), 87 (2), . STV (2)],

where {S{™, 5™ ""SJ(V?} is a basis of H°(X, K?). The Kodaira dimension of X is
exactly the complex dimension of the image of X by ®,,, for sufficiently large m.

The compact complex manifolds can be classified according to their Kodaira dimension
by kod(X) = —0,0, 1, ..., dim(X).

In the case of smooth compact complex surfaces, the Kodaira dimension must be —oo,
0, 1 or 2. We have the Enriques-Kodaira classification by Kodaira dimension dividing the
minimal surfaces into ten classes. Nonsingular rational curves with self-intersection —1 are
called exceptional curves of first kind or simply (—1)-curves. A smooth compact complex
surface is called a minimal surface, if it does not contain any (—1)-curve. Any smooth
compact complex surface is birationally equivalent to a minimal surface by contracting
the (—1)-curves.
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3. kod(X) =2

A compact complex surface X of kod(X) = 2 is called a surface of general type. A
surface of general type X is minimal if and only if its canonical line bundle Kx is semi-
positive, so that ¢;(X) < 0.

If ¢1(X) < 0, Kx is a positive line bundle so that X must be a minimal algebraic
surface. It is proved by Yau [Yal] and Aubin [Au] independently that there always exists
a unique Kéhler-Einstein metric on X. Cao [Ca] gave an alternative proof by applying
the following Kahler-Ricci flow

dw _ _ py —
{ 5 = —Ric(w) —w (3.1)
wli=0 = wo

where wy is a Kéhler metric on X.

Theorem 3.1 (Cao). Let X be a minimal complex surface with ¢1(X) < 0. Then the
Kdhler-Ricci flow converges for any initial Kdhler metric to the unique Kdhler-FEinstein
metric wgg with

Ric(wKE) = —WKE-

In general, a minimal surface of general type might contain a finite number of (—2)-
curves and ¢;(X) is not negative but semi-negative. Let C be the union of these curves
whose connected components are rational curves of A-D-E-type (see [BHPV]). The
canonical model X4, of X is then obtained by blowing down C'

f:X — Xean.
Xcan is an orbifold surface with singularities of A-D-FE-type. We can still apply the
normalized Kéahler-Ricci flow (3.1) on a minimal surface of general type. Let Ka(X)
denote the Kahler cone of X, that is,

Ko(X) = {[w] € H"'(X,R) | [w] > 0}.
The Kahler class will change along the Kahler-Ricci flow by the following ordinary differ-
ential equation
P e~
{ o ] (3.2)
[wle=0 = [wol-
It follows that
[w(t, )] = —e1(X) + e ([wo] + ex(X)).
Let x € —c1(X) be a closed semi-positive (1,1)—form and € be the smooth volume form
on X such that
V—1001og Q) = .

We choose the reference Kéhler metric w; by
wy=x+e "(wo—x)
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so that B

w=w; +V—100¢p.
Then the Kéahler-Ricci flow can be reduced to a Monge-Ampere flow for the potential ¢
given by

3 Wit/ —189¢p)>
{ Bp _ Jog LctVTT000) _ 33)

Pli=0 = 0.
Tsuji [Ts] proved the following convergence result for the Kahler-Ricci flow.
Theorem 3.2 (Tsuji). Let X be a minimal complex surface of general type. Then the

Kahler-Ricci flow converges to a unique singular Kahler-FEinstein metric wo, smooth out-
side the (—2)-curves with

Ric(we) = —woo
for any initial Kdhler metric wy satisfying [wo] > —c1(X).

The key observation in Tsuji’s proof is that the canonical bundle Kx on a minimal
surface of general type is big and nef, so that for any sufficiently small ¢ > 0

[Kx] — 6[0] > 0.
The initial class condition is removed by Tian and Zhang [TiZha] and a stronger uniform

CY—estimate is obtained.

Theorem 3.3 (Tian-Zhang). Let X be a minimal complex surface of general type and
f X — Xion be the holomorphic map from X to its canonical model contracting the
(=2)-curves. Then the Kdhler-Ricci flow converges to the unique singular Kdahler-Einstein
metric weo as in Theorem 3.2 for any initial Kdhler-metric. Furthermore

Woo = ffWKE,

where wi g 1s the unique smooth Kahler-FEinstein orbiford metric on Xeqn. In particular,
Woeo has local continuous potential, i.e.,

Weo = X + V=100
for some ¢ € C°(X).
The critical equation for the Monge-Ampere flow on X is given by
(X +V-100p)®
) = ¥,

The following is an immediate corollary from Theorem 3.3 by the fact that w? = Qe¥e
and @ is continuous.

2

Corollary 3.1. The Kdhler-Einstein volume form on X defined by Qxrp = ws, is a

continuous and nonvanishing volume form on X such that

V—=1001og QxE = Weo-
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4. kod(X) =1

An elliptic fibration of a surface X is a proper, connected holomorphic map f: X — X
from X to a curve ¥ such that the general fibre is a non-singular elliptic curve. An elliptic
surface is a surface admitting an elliptic fibration. Any surface X of kod(X) = 1 must be
an elliptic surface. Such an elliptic surface is sometimes called a properly elliptic surface.
Since we assume that X is minimal, all fibres are free of (—1)-curves. A very simple
example is the product of two curves, one elliptic and the other of genus > 2.

Let f: X — ¥ be an elliptic surface. The differential df can be viewed as an injection
of sheaves f*(Kx) — Q. Its cokernel Qy s is called the sheaf of relative differentials.
In general, Qx5 is far from being locally free. If some fibre has a multiple compo-
nent, then df vanishes along this component and {2x /5 contains a torsion subsheaf with
one-dimensional support. Away from the singularities of f we have the following exact
sequence

0— f*(Ks) = Q% — Qx/x — 0
including an isomorphism between Qy /5, and Kx @ f*(Ky,). We also call the line bundle
Qx5 the dualizing sheaf of f on X. The following theorem is well-known (c.f. [BHPV]).

Theorem 4.1 (Kodaira). Let f : X — X be a minimal elliptic surface such that its
multiple fibres are X, = m1Fy, .., X5, = mpFy. Then

Kx = f*(Kz @ (f210x)") ® Ox(>_(mi — 1)F), (4.1)
or
Kx = [*(L®Ox(D_(mi—1)F),
where L is a line bundle of degree x(Ox) — 2x(Ox) on X.

Note that deg(f.10x)" = deg(f.Qx/x) > 0 and the equality holds if and only if f is
locally trivial. The following invariant

k
5(f) = x(Ox) + <2g<z> —21 30— ni))

i=1
determines the Kodaira dimension of X.

Proposition 4.1. (cf. [BHPV]) Let f : X — X be a relatively minimal elliptic fibration
and X be compact. Then kod(X) =1 if and only if 6(f) > 0.

Kodaira classified all possible singular fibres for f. A fibre X, is stable if
(1) X, is reduced,
(2) X, contains no (—1)-curves,
(3) X has only node singularities.

The only stable singular fibres are of type I for b > 0, therefore such singular fibres
are particularly interesting. Let S; = {z € C | Imz > 0} be the upper half plane and

I'y = SL(2,Z)/{£1} be the modular group acting by z — gzzjrrdb Then & /T = C is the
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period domain or the moduli space of elliptic curves. The j-function gives an isomorphism
81/F1 — C with

(1) j(2) = 0if z = 5V~=T modular Ty,

(2) j(z) =1if z = v/—1 modular I'y.
Let X,eqg = {s € ¥ | X, is a nonsingular fibre} Then any elliptic surface f : X — X gives
a period map p : X,eg — S1/T1. Set J : L,y — C by J(s) = j(p(s)). For a stable fibre
X, of type I, the functional invariant J has a pole of order b at s and the monodromy

is given by < (1) 11) )

Again we apply the normalized Kéhler-Ricci flow (3.1) on such elliptic surfaces of
Kodaira dimension one. We choose a semi-positive (1,1)—form x € —c1(X) to be the
pullback of a Kéhler form on the base ¥ and y might vanish somewhere due to the presence
of singular fibres. Let Q be the smooth volume form on X such that v/—1991log Q = .
The Kahler class of w deformed by the Kahler-Ricci flow is given by

Wl =1 —=e")[x] + e [wol,
with the initial Kéhler metric wy. So we let w; = (1 — e t)x + e twy be the reference
metric and w = w; + v/ —100¢.

As we discussed in the previous section, one can reduce the Kahler-Ricci flow (2.2) to

the following Monge-Ampeére flow on Kéhler potentials.
dp __ e H(wi+/—100 )2
By = log % —¥ (4.2)
¢li=0 = 0.

The simple example is the Kéahler-Ricci flow on X = F x C, where E is an elliptic
curve and C is a curve of genus greater than one. Let 71 : X — E and 73 : X — C be
the projection maps. Let wp be a flat metric on E, we be the hyperbolic metric on C
with we € —¢1(C) and

Wy = M wg + Towe
be the initial Kéhler metric on X for the Kéhler-Ricci flow. Then

wy = Tawe + e iniwg
solves the Kéahler-Ricci flow by
ow
a—tt = —e 'miwg = —Ric(w;) — wy.

And
lim wy = mwe.
t—oo
The following general result is proved in [SoTi]

Theorem 4.2 (Song-Tian). Let f: X — % be a minimal elliptic surface of kod(X) = 1.
Let ¥yeqg = X\ {51, ... ,sk}. Then the Kdhler-Ricci flow has a global solution w(t,-) for
any initial Kdahler metric satisfying:
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(1) w(t,-) converges to f*ws € —c1(X) as currents for a positive current wo, on X,
(2) woo is smooth on X,y and satisfies as currents on X

mi—l

k
Ric(weo) = —Woo + wwp + Z [$i],

i=1

1
(3) for any compact subset K € =1 (3,¢4), there is a constant Ck such that

|wllzoo(rey + sup €' w]g-1(s)llLoe(r-1(5)) + [1S]|(x) < Ck,
s€f(K)

where S is the scalar curvature of w(t,-).

The Kahler-Ricci flow collapses exponentially fast along the vertical direction and the
limit metric satisfies a generalized Kahler-Einstein equation (2) with the correction term
as the curvature of the fibration. The generalized Kéahler-Einstein equation can also be
considered as a local version of Kodaira’s adjunction formula (4.1).

Corollary 4.1. Let f : X 